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Abstract 


1 Introduction 

1.1 overview 

We study scalar quantum electrodynamics (QED) as a Euclidean field theory on a toroidal lattice in 
dimension d = 3. Our concern is the ultraviolet problem of controlling the limit as the lattice spacing 
goes to zero. We have nothing to say about the infinite volume limit, and for convenience we take unit 
volume. 

The renormalization problem is to choose counter terms so that the model remains well-behaved 
as the lattice spacing goes to zero. We carry this out in the framework of the renormalization group 
(RG) defined with block averaging. Working in a bounded field approximation we study the flow of the 
renormalization group transformations as a problem in discrete dynamical systems. In this framework 
we show that counter terms can be chosen so that superficially divergent quantities (for this model 
the vacuum energy and the scalar mass) flow to preassigned values, and the other parameters in the 
model stay bounded, so the model is well-defined. This is nonperturbative renormalization: there are 
no expansions in the coupling constant and no Feynman diagrams. 

Our bounded field approximation fits nicely with the formulation of the RG developed by Balaban 
who also studies scalar QED in d = 3. In this approach at each stage of the iteration the field 
space is split into large and small (=bounded) fields. The renormalization problem is confined to the 
small field region which we consider here. This is supplemented by a treatment of the large field region 
which gives tiny corrections to the analysis. This is carried out by Balaban and leads to an ultraviolet 
stability estimate on the partition function. 

However in the papers n - 0 renormalization is accomplished by picking specific counter terms 
suggested by perturbation theory and then exhibiting the cancellations. The final result is non¬ 
perturbative, but in intermediate steps one is obliged to consider Feymann diagrams of rather high 
order. In this respect the present paper is an improvement. 

Another feature of n - 0 inviting improvement is that the gauge field is taken to be massive. 
Here the analysis is carried out with the more physical massless gauge field. 

A third feature of 0-0 that wants improvement is that the full flow of the RG is not developed. 
Instead estimates above and below are taken after each transformation. This makes in awkward to 
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extend results beyond the partition function, for example to control the correlation functions. Balaban 
fixes this in subsequent papers on other models, but it remains undeveloped for scalar QED. 

Closest to the present paper is the series of paper [23], [2S], [23] by the author. These are on 
the (j)'^ model in d = 3, essentially the present model without the gauge field. The first paper in 
the series introduced the non-perturbative renormalization technique employed here. The remaining 
papers completed the analysis of the large field region, developed the full flow of the RG, and obtained 
a stability bound. This could be a model for the completion of the program for scalar QED. but it is 
not undertaken here. 

Another important source of ideas for the present work are the papers m,m by Balaban, Imbrie, 
and Jaffe. They study the abelian Higgs model which is scalar QED with a special scalar potential. 
We also mention earlier work by Brydges, Frdhlich, and Seiler m, m, m who treat scalar QED in 
d = 2. 

In this paper our nonperturbative renormalization method is applied to a model that is super- 
renormalizable with no coupling constant renormalization. However there is no obstacle in principle 
to applying it to renormalizable models, or possibly even some nonrenormalizable models. 


1.2 the model 


The model is defined as follows. Let L be a (large) positive odd integer. We work on three dimensional 
lattices 

( 1 ) 


T-" = {L-^Z/L^Z) 


,_7V 


with lattice spacing e = L~" and linear size . At first we take a fine lattice with unit volume T, 

On this lattice we consider scalar fields 4> : —>• The field (j) = {4>i,4>2) is often regarded as a 

complex valued field 4> = (j)i+ itp 2 , but not here. (Later we allow complex valued fields, but then each 
component will be separately complex; with this formulation the action will be analytic in the fields.) 
The gauge group is iS'0(2) with Lie algebra the real numbers R. Elements of the group can be written 
where 0 G R and 

■ 0 -1 
1 0 


q = 


( 2 ) 


There is also an abelian gauge field (electromagnetic potential, connection) A : {bonds in Tq —>• 
R. A bond from a: to a nearest neighbor x' is the ordered pair h = [x^x'\. We require that A(b) = 
A{x,x') = —A{x',x). A covariant derivative on scalar fields is defined on bonds by 


(aA)(6) = idAmx,x') = - <^(x))e-i 


(3) 


where e is the scalar charge. If {e^} is the standard basis then oriented bonds have the form {x,x'] = 
[x, x + ee^], we write A^{x) = A(x, x + ee^) and define 


{dA,^i(t>){x) = {dA4'){x, X + eCf,) = + ee^) - ' 


(4) 


The ordinary derivative 9^^ has A = 0. The gauge field A has field strength dA defined on plaquettes 
(squares) by 


dA{p) = A{b) e ^ or ((iA)^,y(x) = x + ee^,a; + ee^ + eCj/,a: + eCj/, 


b^dp 


The action is 


with potential 


5(A,9) = i||dAf+ i||9ai9f+ H(9) 


!/(<()) = e^Vol(To ^) + + \<l^i^)\‘^dx 


(5) 

( 6 ) 
(7) 
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Here the norms are norms and integrals are weighted sums, for example 

Uf= [ l</'(a;)|^da; = ^e^|^(a;)p + (8) 

X X 

The norms involving derivatives or gauge potentials are sums over oriented bonds and oriented pla- 
quettes: 


fl {I X 

llcMf = (\dA{p)\Hp = EE 

//<!/ X 


In the potential A > 0 is the scalar coupling constant. The vacuum energy and the scalar mass 
will be chosen to depend on N. The N ^ oo limit formally gives the standard continuum theory. We 
are interested in bounds uniform in N on things like the partition function 


where 


exp(—S'(Al, (/))) DA D(l) 


DA = \[ d{A{b)) D(j) = \[ d{(l){x)) 


However the integral will need gauge fixing to enable convergence. 


The action is gauge invariant. For A : Tq ^ —>■ K a gauge transformation is defined by 

(l)^{x) = (j){x) A^{x, x') = Al(a;, x') — dX{x, x') 

Then dji\(j>^ = (i9yi(/))'' and = \(j>\ and so S{A^,(j>^) = S{A,(t)). 

Another symmetry is charge conjugation invariance. We defined by 


C = 


1 0 
0 -1 


( 10 ) 

( 11 ) 


( 12 ) 


(13) 


Then Cq = —qC and so d-jiCcj) = Odj^fj). Since also \C(j)\ = \(j)\ we have S'(—A, Ccj)) = S{A, </>). 


1.3 the scaled model 

We scale up to the large unit lattice T^, so the ultraviolet problem is recast as in infrared problem, 
the natural home of the renormalization group. Let $ : —>■ and A : { bonds in T^} —>■ R be 

fields on this lattice. These scale down to fields on the original lattice Tq by 

Al-nQj) = L^/^A{L^b) l>L-iv(x) = L^/2 ^(L^x) (14) 

The action on the new lattice is S'o(A, $) = S{Ai^-n which is 

So{A, $) = i||dAf + + yo(<I>) (15) 

where 

yo(‘I>) = eo^Vol(n) + + Ja^ ^ |$(x)|4 (16) 
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Now norms are defined with unweighted sums, and derivatives are unit lattice derivatives such as 




^’“')$(x') - <i)(x) 

(17) 

The scaled coupling constants 

are now tiny and given by 



e^ = L-i^e 

=L-^X 

(18) 

The scaled counter terms are 

= L-^^e 

.,N _ T-2N 
flQ — Li y 

(19) 


In the following we omit the superscript N writing Cq, Aq and Sq, 

As we proceed with the RG analysis the volume will shrink back down. After k steps the torus 
will be The coupling constants scale up to 


Cfe = L5'=eo A* = (20) 

The other coupling constants ek,fJ-k will evolve in a more complicated manner. 

Convention: Throughout the paper the convention is that 0(1) is a constant independent of all 
parameters. Also C, 7 are constants (C > 1,7 < 1) which may depend on L and which may change 
from line to line. 


2 RG transformation for scalars 

We explain how the RG transformation is defined for scalars, but with a gauge field background. The 
discussion follows n, a, m, m, m- 

2.1 block averages 

We start with fields A, $ on the unit lattice T^. We want to define a covariant block averaging 
operator Q{A) taking $ to a function Q{A)^ on the L-lattice T]^. In any 3-dimensional lattice let 
B{y) be a cube of sites {L on a side) centered on a point y. Here the lattice is and for y G Tjy 
we have 

H(y) = {a: G : |x - ?/| < L/2} |x - y| = sup |x^ - y^| (21) 

A* 

The B{y) partition the lattice. For x G B{y) let tt be a permutation of (1,2,3) and let r'^(j/,x) be 
that path from y to x obtained by varying each coordinate to its final value in the order tt. There are 
3! of these. For any path F let A(F) = define an average over the various paths from 

?/ to X by 

(rA)(y,x)) = |^A(r-(y,x)) (22) 

TT 

Then we define the averaging operator 

(Q(A)$)(y) =L-3 ^ e«^°("^)(^’")$(x) yGT]^ (23) 

x^B{y) 

This is constructed to be gauge covariant. We have {TA^){y,x) = {TA){y,x) — (A(x) — A(j/)) for 
A : —>• R and so 

Q(A^)$^ = (Q(A)$)^‘'’ (24) 

where A^^^ is A restricted to the lattice T)y. 
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Because we average over paths, rather than taking a fixed path, our definition is covariant under 
symmetries of the lattice Tjy. In particular if r is a rotation by a multiple of 7r/2 or a reflection and 
^riy) = and Ar{b) = A{r~^b) then 

Q{Ar)^r = {Q{A)^)r (25) 

The adjoint operator (transpose operator) maps functions / on Tjy to functions on T^. It is 
computed with sums on T)y weighted by L‘^ and is given by 

(Q^(kl)/)(x)=e-^^'>("^)(^’“)/(2/) xGBiy) (26) 

Then we have 

QiA)Q^iA) = I (27) 

and {A)Q{A) is an orthogonal projection. 


2.2 the transformation 

Suppose we start with a density p{A, (f)) with scalar field 0 and background gauge field A on Tq It 
scales up to a density 

P^{A, $ o ) = pln{A, $ o ) = p{Ai^-n^q i^-n) ( 28 ) 

where A, $o are defined on T^. Starting with po{A, $ 0 ) we define a sequence of densities Pk{A, ^k) 
defined for A on and on T^_^. They are defined recursively first by 


Pk+i{A,^k+i) = J bG(^^k+i — Q{A)^k^Pk{A,^k)D^k (29) 

where $fc+i is defined on the coarser lattice The Sq is a Gaussian approximation to the delta 

function. 

^G($fc+i - 0(^)$fc) exp ( - ^|«>fe+i - Q{A)^k\‘^) 

=(£)“^‘" “p (- - «-4)4-*ii') 

Here |d)fc+i —(5(H)$fe| is the norm with a simple sum over points in T^, whereas in ||$fc+i —(5(H)$fc|| 
it is the norm with the sum over points weighted by the factor natural for this lattice. The 
averaging operator Q{A) is taken to be a modification of (I23|) : 

{Q{A)^k){y) = L-'^ Y. (31) 

x&B{y) 


Here {TA){y,x) is still defined by (|2^ . but now in .A(r) the sum is over bonds of length L~^ hence 
the weighting factor L~^ in the exponent. In general sn = is the number of sites in a three 
dimensional tidal lattice with sites on a side The normalization factor {aL/2Try^-'‘-^ in (1301) is 

chosen so that f d^k+i — (3(^)‘hfc^ = 1- (Recall that there are two components per site.) 

Therefore 

J pk+i{A,^k+i) D<^>k+i = j pk{A,^k) D^k (32) 

Next one scales back to the unit lattice. If jd is a field on ‘i’fc+i is a field on 

then then 

AL{b) = L-^I^A{L-^b) $fe+i,L(x) = L-^l^^k+i{L-^x) (33) 


5 



(34) 


are fields on and respectively, and we define 

Pk+l{A, $fe+i) = pk+i{AL,<^k+i,LW^-^^-’^-^ 

If = ^k+i,L then = L~‘'’^-’‘-^D^k+i and we have by ([32]) 

J pfc+i(yi,4>fe+i)i:)$fe+i = y Pk+iiAL,^k+i,L)D^k+i 

= I Pk+i{AL,^'k+i)D^k+i = L^^ J PkiAL,<^k)D<S>k 

Lemma 1. For A on and 4?^ on Tr^_^ 

J pk{A,^k)D^k = J pQ{ALk,(j)j^k) D(j) 

where the integral is over (p on 


(35) 


(36) 


Remark. In particular since po{Ai^N, ) = P{A, p) 

J Pn{A,^n)D^n = J Po{Aln ,Pi^n) Dp = J p{A,p)Dp (37) 

and we are back to the integral of our original density. The right side is the integral over a many 
dimension space, but can be computed as the left side which is the integral over a one dimensional 
space. This is the point of the renormalization group approach. 

Proof. It is true for k = 0; suppose it is true for k. If ^ = p'j^ then Dp = Dp' and so by (1351) 


J Pk+l{A, ^k+i)D^k+i = J PkiAr, <i>k)D<i>k 
y Po{A]^k+i,p]^k) Dp = J po{A]^k+i,p'j^k+i) Dp' 

Hence it is true for k + 1. 


(38) 


2.3 compositions of averaging operators 

To investigate the sequence Pk{A, 4>fc) we first study how averaging operators compose. Suppose we 
have already defined a fc-fold averaging operator QkiA) depending on A on and sending functions 

on to functions on T^_^. We we define the same for fc + 1 as follows. First define for the same 

A an operator 

Qk+M) = Q[A)Qk(A) (39) 

which maps functions on to functions on Then for A, f on define 

Qk+iiA)f = iQk+iiAL)fL)L~^ (40) 

which maps functions on T~p/prf}_i to functions on 

We need an explicit representation for Qk{A). For any lattice let Bk{y) be a block with sites 
[L^ on a side) centered on y. Suppose x G y G satisfy x G Bk{y), which is the same 

as \x — y\ < There is an associated sequence x = yo,yi,y 2 , ■ ■ - yk = y such that yj G and 

X G Bj{yj). Define 

fc-i 

{TkA){y,x) = '^{TA){yj+i,yj) (41) 

3=0 
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Lemma 2. For f on 


{Qk{A)f){y) = / 

J\x-y\<k 

{Ql{A)f){x) x G Bk{y) 


(42) 


Proof. The proof is by induction on k. Assuming it is true for k we have with rj = L ^ 
{Qk+i{A)f){y') ={Q{A)Qk{A)f){y') 


—2^-3 gqekv{,TA){y',y) j ^qeky{'^kA){y,x) j 


^qekv{TA){y' ,y) 

y&B{y') A^-V\<h 


=L-3 / ^qekn(fkA){y’ ,x) 

J\x-y'\<L/2 


Here we have defined 


(•ffcA)(y',x) = {TA){y',y) + (TkA){y,x) = ^{TA){yj+i,yj) 

j=o 


(43) 


(44) 


where yk+i = 2/^ Vk = y^Vo = x. Now we scale by (PD|) and get for y' G and x' G 


iQk+i{A)f){y') =L-'^ I e<^ekvirk+,A,)(Ly,x)f^^/j^~^ 


-3 I pqekV(A+iAL)(Ly',x) 

>\x-Ly'\<L/2 
f ^qekAfk+iAL)(Ly',Lx') 

J\x'—y'\<h 


Taking into account that ^.^(r) = L~^ A{L~^T) we have 

k 

Ckvih+I Al){L y', Lx') =ekV ^ {tAl ) {yj+i, yj) 

j=o 


yk+i=Ly',yo=Lx' 


=ekvL 2^(tA)(L ^yj+i,L ^yj) 

3=0 

=ek+iL~'"~^{Tk+iA)(y' ,x') 


yk+i=Ly' ,yo=Lx' 


where (p, A are on T^_j, and 


1 - L- 


Ok = a 


1-L 


-2k 


(45) 


(46) 


This gives the first result. The expression for the adjoint is a short calculation. 

Lemma 3. For A on ^j/Lk o-nd 4)^ on T%_k the density Pk,Ai^k) can be written 

Pfc.yi(4>fe) = y exp (-y||4>fe - Qfe(A)()>f) po.yi^,((('LO D(p (47) 


(48) 
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Proof. The proof is by induction. For fc = 1 it follows from (P^ll . dMl) . Assuming it is true for k we 
compute 


Pk+l,A{^k+l) 

= const y exp - Q(A)$fc|p - Dcj) D^k ^ ^ 

The expression inside the exponential has a minimum in when 

= akQk{~^)4’ + (50) 

This has the solution $/c = $/c+i, c^) where 

nT nT 

=Qk{A)c^ - —^Q'^{A)Qk+i[A)c^ + {A)^k+i (51) 

Gk + aL ^ Qk + aL ^ 

We compute the value at the minimum using Q{A)Q'^{A) = 1 and ak+i = aak/{ak + aL~‘^) and find 
(see [25 for details) 

- Q(A)$f"(^)f + ^«fell<J>r(^) - Qk{AW = - Qk+MW (52) 

Now in the integral (HHl) expand around the minimizer. We write = $“'"(A) + Z and integrate 
over Z. The term with no Z’s is (I52[) . The linear terms in Z vanish and the terms quadratic in Z 
when integrated over Z yield a constant. Thus we have 

Pk+i,Ai<^k+i) = const J exp - Qk+i{A)(j)f'^ Po^a^^ {(t>L<-) Dcjj (53) 

Scaling by (IMl) we have for A, (j)' on and $fe+i on 

Pk+i,A{^k+i) =const J exp - Qk+i{A)(l)'f^ pQ^A^k+ii(l>W^) (54) 

The constant must be (afc+i/27r)'*'^-'“-i to preserve the identity (I5S1) . This completes the proof. 


Hereafter we abbreviate the normalization factors in (1501) and (ITTl) by 

Nk = 



Mk = 

[2tt 

\2ttJ 


(55) 


2.4 free flow 

Now consider an initial density which is a perturbation of the free action: 

Po(A,4o) = Fb(4o)exp - y|3A4>o|p) (56) 

Insert this in (HTl) and use for A, ^ on 

l\\dA,M\^ = IwdA^^ = l<^’ > (57) 

where —Ayt = is defined with covariant derivatives containing the coupling constant Cfc. Then 

with FQ j^-k{(j)) = Fo{(j)i^k) we have from (1171) 

Pfc(A,4fe)=A4 J Ao^i-fc(()))exp - y||$fc - Qfe(A)())|p - i < (/), (-Ayi)()) > (58) 







The minimizer in (j) of the expression in the exponential is 

nk{A)<S>k = akGkiA)QliA)<i>k 
where Gk{A) is the Green’s function 

Gk{A) = ^ — AyL + O'kQ'k 

The inverse exists since this is a strictly positive operator. 

Expanding the exponential around the minimizer with (j) = 'Hk{A)^k + 2 we find 

Pk,A{^k) = J^k7-k{A)Fk (Hk{A)^k^ exp ( ~ 2 Afc(yi)$fc > ^ 

where 

< ‘hfe, Afc(yi)$fc >=-^||‘l^fe — QkiA)'HkiA)^k\\^ 2 ^ '^k{A)^k, i—^A)'HkiA)^k > 
= < ^k, (cik — alQl{A)Gk{A)QkiA)^^k > 

Fk (nk{A)<^k) =ZkiA)-^ J (nk{A)<i>k + z) 

exp ( - i < Z, ( - Ayi + akQl{A)Qk{A)jZ > ^ 

ZkiA) =y’exp ( - i < Z, ( - Ayi + akQliA)QkiA))z > )dZ 


(59) 


(60) 


(61) 


(62) 


2.5 the next step 

If we start with the expression (1611) for pk,A and apply another renormalization transformation we 
again get pk+i^A- Working out the details will give us some useful identities. We have first 

Pk+i{A, $fc+i) = AfkNkZk{A) 

J Fk(nk{A)^k+i) exp - Q{A)<^>kf - ^ < ^k,^kiA)^k >) 

Here $fc+i,$/c are fields on T)y_^., respectively. The minimizer of the expression in the expo¬ 

nential in is 

Hk{A)<^k+i = ^Gk{A)Q^{A)<^k+i (64) 

where 

Gk{A) = (Afe(.A) + ^Q^{A)Q{A)) (65) 

Expanding around the minimizer with = F[k{A)^k+i -I- Z we obtain 


Pk+i{A,^k) = A4A^feZfc(yi)Z{(j4) 

F;{%k{A)Hk{A)^k+i) exp ( - i < Hk{A)^k+uZ^k{A)Hk{,A)^k+i > ) 

Here 

z{(yi) = y exp ( - 1 < Z, (Afc + ^Q^(yi)Q(yi))z > )bZ (67) 
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and 


F*(nkiA)HkiA)^k+i) =Zl{A)-^ J Fk(nk{A)HkiA)^k+i +nk{A)Z^ 

exp ( - i < Z, (Afc + ^Q'r(A)QiA)) Z > ) ( 68 ) 

= J Fk(nk{A)HkiA)<i>k+i +nk{A)zyt^cuA)iz) 

where plcA-A) is the Gaussian measure with covariance Ck(A) 

Next we scale by (l34t and get 

Pk+i{A,^k+i) =NkNkZk{AL)zi{AL) L’^^-^^-'^-^F;(nk{AL)Hk{AL)<^k+iA) 

/I 

exp - < Flk{AL)^k+i,LT ^k{AL)Hk{AL)^k+i,L > jj 

Taking Fq = 1 we have = 1 and F^ = 1. Then taking $fc+i = 0 and comparing this expression 
with m for k F \ we find 

Nk+iZk+i{A) = MkNkZk{AL)Zi{AL) (70) 

Furthermore the exponential must be exp ^ — 5 < Afc+i(yi)$fe+i > ^. Thus in general 

Pk+i,A{^k+i) = A 4 +iZfc+i(jd)F(( {%k{AL)Hk{AL)^k+i,L}j exp ( “ 2 ^ ‘i’fc+i) ^fe+i('^)‘^’fc+i > ) 

(71) 

Comparing this with (1611) for /c + 1 we find 

F;{nk{AL)Hk{AL)<^k+i,L) = Fk+i{nk+i{A)<^k+i) (72) 

Next take Fo($o) =< I >■ Then Ffc(())) =< > for fol k and F^{(j)) =< > for ah k, 

and dUl) says 

< (nkiAL)HkiAL)^ > = < (Hk+iiA)<S>k+i) > (73) 

and so 

-HkiAL)HkiAL)^k+i,L = CHk+iiA)^k+i)L (74) 

Now (IS51) evaluated at can be written 

Fk+i{nk+i{A)<i>k+i) = J Fk(^ink+iiA)<i>k+i)L +nk{A)ZypcUA)iZ) ( 75 ) 

More generally for any (j) on one can define the fluctuation integral 

Ffc+i( 0 ) = J Fk^L +nkiA)ZypcAA)iZ) (76) 

The identities (TTill) . (1741) . (175]) are what we were after. 


3 Greens functions 

We study the Green’s function GkiA) = ^ — Aa + ak{QkQk){A)j , an operator on functions on 

Tjv-fc defined for a background field A on These results are mostly due to Balaban [i], but 

there are some minor differences. 
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3.1 basic properties 

We collect some general facts. As before the Laplacian is —Ayi = &^dj\ where with r] = L~^ 


idA,f,f){x) + -qe^) - f{x))q ^ 

) X (77) 

- qe^) - f{x))q-^ 

Note that these differ by a phase factor for we have 

{dlj){x) = - - qe^) (78) 


Explicitly 

(-Ayi/)(x) = ^ ( - + qe^,) + 2f{x) - 

We note for later reference the product rules: 

QaA^I) =h{- + qey)dAAf + {dA)f .gp. 

=^(- - Vet,)dA^A + (^J^)/ 

We also record the symmetries of the Green’s functions . The Laplacian Aa is covariant under 
'^N^Lk lattice symmetries and {Q^Qk)iA) is covariant under lattice symmetries. Hence Gk{A) 


are covariant under f%_k lattice symmetries which means 

GkiAr)fr = iGkiA)f)r (81) 

With gauge transformation A on defined as in (fT^ we have 

A^a = Qfc(A^) = (82) 

where A1°1 is the restriction to the unit lattice It follows that 

Gfc(A^) = e«^*^^Gfe(A)e-'?"'=^ 'Hfc(A^) = (83) 

Similarly we have the charge conjugation invariance 

Gki-A) = GGkiA)C (84) 

We also consider the Green’s function for a region Q C '^A_k- This has the form 

Gfe(H,A)) = (-A()( + afe(Q^Qfe)(A))“' (85) 


The notation (—A(^)n denotes the Laplacian with Neumann boundary conditions, i.e. as a quadratic 
form, < /, (—A()()n/ >= ||9yi/||Q, only bonds contained in fl contribute. Thus {dA,ij.f){A Is given by 
(1771) if a:,a: + G H and is zero otherwise. We still have (—A(^)o = AjAa but now (^Io.m/)(^) 
given by (EZD if a: — qCfi^x G H and is zero otherwise. The expression (1791) for the Laplacian must be 
modified near the boundary. 

The operator G/c(H, A) has the same symmetry properties as Gfc(H), provided H is transformed as 
well for lattice symmetries. 
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3.2 changes in background field 

On we consider changing from a background field A to a background field A + A' by studying 


Uk{A,A') = ( ~ ^A+A' + 0,k{QkQk){A + ~ ~ ^k{QkQk){A)^ 

Define 

Then we have 

{dA+A',,f)ix) = - {F,{-A')){x)f{x)) 

We also define 

{F'l{A,A')f){y) = [ fe'^eM^f^A'){y,x) _ {\^qe^ArkA)(y,x) 

J\x-v\<^ ^ ’ 

and then 

Qk{AFA!)=Qk{A)FF^{A,A!) 

Expanding dj\j^A' and by (1551) and Qk{,A + A') by (150)) we find 

17fc(yi,yt') = - F'^i-A') -dA-dl- F{-A') + F^{-A') ■ F{-A') 

+ akF<i’'^{A,A')Qk{A) + akQl{A)Fi{A,A') + auF'^’’^ {A,A')F<i{A,A') 

On a function / the second term is by (1501) 

{9AA^ki{--^')f){x) = ^(F^(-yi'))(a: - veki){dA,^f){x) + Y (a:)/(a;) 

MM M 

The pair (10T1) . (1001) gives our final representation of Uk{A,A')f. 


( 86 ) 

(87) 

( 88 ) 

(89) 

(90) 

(91) 

(92) 


For the next results let A = Ay C T^v-fe ^ cube centered on a unit lattice point y and let 
A be the enlargement to a cube with three unit cubes on a side. 

Lemma 4. Let A,A', f be eomplex valued fields on satisfying efe|/m ./l|, efe|/m yi'| < 1. Then 

for X G A = Ay 

\\Uk{A,A')fU,oo <0{l)ek(\\A'\\^^^ + ||9^'||a.oc) (II/IIa.oo + P^/IIa.oo) 
\\Uk{A,A')fU^2 <0(l)efc (nil'llA^oo + P-^'IIa.oo) (II/IIa.2 + P^/IIaJ 
where ||i9yi'||A^oo = sup^,^sup^gA ete. 


Proof. We give the proof for the L°“ norm, the proof for the norm is very similar. Consider the 
various terms in m- We write for x G A 

{Fy{-A')){x) = = _ ^ dt e-*«"'‘''-^M(^)qefeyi;( 2 ;) (94) 

For V G Cf 

\e-*‘iekVAA^)y\ = |g-t9efcr,Im A^{x)^^ < gS^r^lIm A^(x )\|^| < C>( 1 )|^;| (95) 
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and this gives the estimate 


< 0{l)ek\A'^ix)\\v\ < Oil)ek\\A'U,oo\v\ (96) 

The same holds for the transpose {—A'). 

Next we note that since (TA){yj+i,yj) is an average over paths of length less than we 

have 

k—1 ^ k—1 

efc?7|Im {TkA){y,x))\ < ^efer?|Im [TA){yj+i,yj)\ < ^ XI ^ 

3=0 3=0 

It follows that 

\{QkiA)f){y)\<Oil)\\f\\A,oo (98) 

The adjoint Q^{A) satisfies the same bound. We also have ekr]\{TkA'){y,x)\ < efe||7l'||A,oo and this 
gives 

|(F«(yi,^')/)(2/)l < 0(l)efc||^;,||A.oo|l/||A,oo (99) 

and similarly for the adjoint. 

Now consider the terms in (|92ll . These terms involve points just outside A which we accommodate 
by enlarging to A. In particular for the first term in (IM|) we have by (l78)) 


\{Ff,{-A')){x - r]ef,)v\ <0{l)ek\A'{x - 7?e^)u| < 0{l)ek\\A'\\^^^\v 

\{dA,f,f){x)\ <0{l)\{dA,t,f){x - r?e^)| < 0(l)||9yi.^/||A.o 
Finally for the second term in 


\{9lFf,{-A')){x)v\ = (^Ff,{-A',x-T]ef,)-Ff,{-A',x)yi 


(- 


-qekriA'^{x-rie^) _ 


-2 


V 


<C>(l)efc|(.A;,(x - ye^) - A'^{x))v\y 

< 0 (l)efe||ayi'||x |u| 


-1 


( 100 ) 


( 101 ) 


Now all the terms in {Uk{^,A,A')f){x) can be estimated and we have the result. 


Remark. Let VI C which is a union of unit cubes. Consider the difference with Neuman 

boundary conditions on 17. 


Ukin,A,A') 


~ ^A+A' + akiQlQk){A + A') 


+ ak(QlQk)(A) 


( 102 ) 


The representation (|9T|), (IMI) still holds but now everything is restricted to 17. The estimate (IMll still 
holds, but the enlargement A only adds cubes in 17. 


3.3 local estimates 

Partition the lattice into large cubes □ of linear size M = L™ centered on points in for 

some integer m > 1. Let □ be cube of linear size 3M centered on the same points. 

We quote some estimates on the local Green’s functions Gfc([I],yi). We want to bound Gfc([I],il), 
9yiGfe([I],yi), and a certain Holder derivative 5a,AdAGk{^,A). The Holder derivative for 0 < a < 1 is 
defined by 


{5a,Af){x,y) = 


^qekr,A(T.y) 

\x - 2 / 1 “ 


(103) 


where again T^y is one of the standard paths from x to y. There is an associated norm 


\\Sa,Af\\oc= sup \{Sa,Af){x,y)\ 

\x-y\<l 


(104) 
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Lemma 5. Let Ck be sufficiently small depending on L,M. Let A on \I\ he real-valued and gauge 
equivalent to a field A' (A ^ A!) satisfying \A'\^ \dA'\ < for some small positive constant e. 

1. With Holder derivative da ,a of order a < 1 

\Gk{a,A)f\, \dAG,{a,A)f\, \\6a,AdAGk{a,A)f\\aa<C\\f\\aa (105) 


2. Let Ay, Ay' be unit squares centered on unit lattice points y,y' € □ and let C,y he a smooth 
partition on unity with supp fy C Ay'. Then for a constants G, 7 

\lA,Gk{a,A)lA^,f\, \lAffiAGk{a,A)lA^,fl \\6a,ACvdAGk{a,A)lA^,f\\oo ^ ^ 

“ (106) 
<Ce-^d(y.y)||/|i 


3. The same bounds hold with the norm replacing the L°° norm. 


Proof. The result holds for = 0 see [4], [24]. The L^ result for = 0 is actually an input for the 
L°° result. The L^ result can be found for example as a special case of lemma 34 in 
For the general case if ^1' = .A — 9A then 

Gk{a,A) =e-«®'“^Gfe([I],yi')e'?"'“^ 

dAGkia,A) =e-«^'=^aGfc(e,Al')e«^'“^ (107) 

6a,AdAGkia,A) =e-‘>‘^'‘^6adGkia,A’)e‘>‘^'‘^ 

Thus it suffices to prove the result with A'. 

The Green’s function Gfc (□,/!') satisfies 

Gk{D,A') = Gfe(a,0) - Gkia,0)Uk{0,A')Gkia,A') (108) 

and so is given by 

00 

Gfe(a,A) = Gfe(a,o)^ (-Gfc(a,o,yi')Gfc(e,o))” (loo) 

n —0 

provided the the series converges, which we now establish. It follows from (IMl) and our hypotheses on 
\J\! tllQ/t 

\Ukia,0,A')f\ < G(l)e^(||/|U + mWoo) (110) 

Then by the result for Gfc(S, 0) 

|Gfe(n, 0 ,Ai')Gfe(n, 0 )/| < G(i)e^(||Gfe(n,0)/|U + ||(aGfc(n,0)/|u) < Ge^||/|U (m) 

Since converges for et small, this is sufficient to establish the convergence of (11091) and give 

(nnsi). 

Next using the estimate on Uk{0,A') and the local estimate on Gfe(n,0) we can establish a local 
version of (lllip 

iiA„t/fe(a,o,Ai')Gfc(a,o)iA„,/i 

<G(l)e|(||l^^Gfc(e,0)lA„J||oo + ||lA„9Gfe(a,0)lA„,/||oo) 

<Cel Y. II/II 00 

|y"-y|<l 

<Ge^e-^''(^’^')||/||oo 
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Now we have 


Gk{a,A) =E E Gk{a, o)1a„ ( - Uk{n, 0 , A')Gk{n, o)) 

n=0 yi,...,yn-i 

■■■ lA,„_,(-C/fc(Q,0,yi')Gfe(a,0)) 

Then with j/„ = y' the estimate (I112p gives 


n=Oyi,...,y„-i j=l 

oo 

<Ce-^7d(yy) J2iGeir\\f\\^ < Ge-i->‘^G,v')y\\^ 

n—0 


(113) 


(114) 


Thus the bound holds with a new 7. The estimate on derivatives is similar. This completes the proof. 


Next we extend the previous result to complex fields A on of the form 

A — Aq a A\ 

Aq is real and on each □ admits A'^ ^ Aq satisfying I^IqI, \dA'Q\ < (US) 

Ai is complex and satisfies |yii|, \dAi\ < 

This is an open set in some C" and we can consider functions analytic in this domain. 

Lemma 6. Under the same hypotheses Gki^^A) has an analytic extension to the region and 

for such fields Gk(0,A) again satisfies bounds of the form U05\) . hl06\) . 


Proof. We again have 


Gk{a,A) = Gfe(a,.Ao) ^ ( - Gfe(a,.Ao,yLi)Gfc(a,.Ao)) 

n—0 


(116) 


and by lemma |4] and lemma [5] 

\Ukia,Ao,AOGk{a,Ao)f\ < GelWfWoo (117) 

which gives (11051) . The bound (I112p also holds, and the local version (11061) follows as before. 

3.4 random walk expansion 

We study the global Green’s functions Gk{A) by random walk expansions. 

Again partition the lattice into cubes □ of linear size M = L"*. We write = (J^ 

where z is a point on the M lattice and is the M cube centered on z. Let Qz be the 3M cube 

centered on z. The random walk expansion is based on the operators GkfiAz^A), discussed previously. 
We assume that A is in the domain (IllSp so that these have good estimates by lemma H] . 

Let /i^ be a partition of unity with h^ = 1 and supp hz well inside Qz- We define a parametrix 

GUA) = Y, hzGk{nz,A)hz (118) 
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On supp hz there is no distinction between — A^i and [—and so we can compute 



( - Ayi + ak{QlQk){A))Gl{A) =I-J2 Kz{A)Gk{Dz,A)hz = I-K 

Z 

(119) 

where 



Then 

Kz{A) = — —Aa + ak{Q"kQk)iA)^,hz 

oo 

(120) 


GkiA) = Gl{A){L - K)-^ = Gl{A) ^ 

(121) 


n=0 


if it converges. This can be written as the random walk expansion 

Gfe(yi) = ^Gfc.^(yi) (122) 

LO 

where a path w is a sequence of points w = (wojWi,... ,a;„) in such that are nearest 

neighbors (in a sup metric), and 

■ ■ ■ K^^{A)Gk{^uj„,A)h^^ (123) 

Note that Gk,ui{A) only depends on A in the set U)Lq 

Lemma 7. Let M be sujficiently large (depending on L), and Ck sufficiently small (depending on 
L,M), and let A be in the domain ill5\) . Then 

1. The random walk expansion il2S\) for Gk{A) converges to a function analytic in A which satisfies 

\Gk{A)f\, \dAGk{A)f\, \\5c.,AdAGk{A)fWoo < G|1/|U (124) 

2. Let Ay,Ay> be unit squares centered on unit lattice points y,y' € '^%-k ^.nd let (y be a smooth 
partition on unity with supp fy C Ay'. Then there are constants G, 7 so 

|lA„G/c(yl)lA ,/|, |lA;,3yiGfc(yl)lA ,/|, ||^a,yiCi/^.AGfc(.A)lA ,/||oo 

. « 125 

3. The same bounds hold with the L^ norm replacing the L°° norm. 

Remark. The same bounds hold for TLkiA), for example 

\nk{A)fi \dAnkiA)f\, WSc,AdAnkiA)fWoo < g||/|U ( 126 ) 


Proof. [4]. We give the proof for the L°° norm. We compute using (IM|) 

([-Ayi, hz]f^ (x) = (5^/i)(x + pcy) ■ dAf{x) + {dhz)ix - pe^) ■ d'^f(x) + {-Ahz)(x)f{x) (127) 


and with x G Ay 


{[iQlQk){Afhz]f)ix) 




^-qe^y{rkA)(y,x)^qeuATuA){vA') f{x')dx' (128) 
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The functions {hz} can be chosen so that \dhz\ < 0{1)M ^ and \ddh\ < 0{1)M Then the 
representations (11271) . (11281) lead to the bound 

|i^,(.A)/| <0{l)M-\\\f\U + \\dj,f\U (129) 

and therefore by (11051) 

\KziA)Gkin.,A)f\ < CM-i||/|U (130) 

These imply that if |a;| = n then 

\Gk,Mf\<C{CM-^r\\f\\^ (131) 

This is sufficient to establish the convergence of the expansion for M large, since the number of paths 
with a fixed length n is bounded by (3(i)” = 9". The bounds on derivatives follow as well. 

For the local estimates use the locality of Kz{A) and (11061) to obtain 

\lA,Kz{A)Gk{A,az)lA^,f\ < (132) 

Proceeding as in lemma [S] we have the result with a new 7 . 


Remark. We introduce weakening parameters {sq} with 0 < sq < 1 and define 

n 

Stj = SQ = [J (133) 

□ i=l 

If w = Wo is a single point then |w| = 0 and = 0. In this case we define = I- 
Weakened propagators are defined by 

Gkis,A) = ''^^Su:Gk,u:iA) (134) 

UJ 

If is small then the coupling through □ is reduced. The Gk{s,A) interpolate between GtiA) = 
Gk{l,A) and a strictly local operator G'fc(0,./l). 

The results of lemma [7] hold for the weakened Green’s functions Gk{s,A). In fact we can allow 
complex sq satisfying |sq| < M 2 and still get estimates of the same form. Also Gk{s,A) has the 
analyticity and symmetries of Gk{A). 


3.5 more random walk expansions 

We also need a random walk expansion for Gk{A) = ^Afe(A) + aL~^{Q'^Q){A)j or even better 
1 . 

for C^{A). These are treated for A = 0 in Balaban and [24] and the treatment is similar here. The 

operator Gk{A) has a simple expression in terms of Gk+i{A) (see (14331) '). and this gives the expansion. 
1 

The analysis for G^ (A) is based on the representation 

Ck^W = - [ ^fAfc(A)+aL-2(Q^Q)(A)+*')”' (135) 

Jo \/x\ ) 

As in appendix C in [53] one can show that 

^Afc(A) + aL ^((5^(5)(A) + = Afe_a;(A) + a^(j\k,xQkGk,xQ^^k,x^ (A) (136) 
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where 


Afc,x(-A) 

Gk,x{-A) 


1 


ak + X 
— Ayi 


-(I - {Q^Q)(A)) 


1 


Qk + aL '^ + X 


iQ^Q)iA) 


Clj^X 
ak X 


{QlQk){A) 


alaL ^ 


{ak + x){ak + aL '^ + x) 


{Qk+iQk+i){A) 


(137) 


Since all the other operators are local it suffices to establish a random walk expansion for Gk^x {A), 
and it turns out that an expansion suffices. The expansion follows from good local estimates on 
the local operator Gk,xi^,A) defined just as Gk,x{A) but restricting the operator to □ before taking 
the inverse. We claim that if real A is gauge equivalent to A' satisfying \A'\, \dA'\ < 


||lA,a^Gfe,,(yi,n)lA,,/||2<Ge-^"G.y)||j||2 

As before it suffices to prove the result for A'. This is known for A = 0, see Appendix E in [24]. For 
the general case we expand 


Gfe,,(a,A') = Gfe,,(a,A')f]( 

n =0 


Gfe,a;(a, 0, A')Gfc_a;(a, 0)^ 


where now Uk,x{^iQ,A') = Gfc,a;(a,A') ^ — Gfc,a;(a,0) As in (^51) one establishes 

||C/fe.ae,0,A')/||2 <G(l)efe(||A'|U_^ + ||5A'||^_^) (n/l^^ + WdAofWA^) 

<G(l)er(ll/llA.2 + l|5^o/llA.2) 


(139) 


(140) 


This gives the convergence of the series and the estimate (I138p . We can also extend the result to A in 
the complex domain (|115l) . 

As in (I122p the control over G'fe_a;(n, A) leads to a random walk expansion 


Gk,x{A) = Y.^'^AAA) (141) 

UJ 

_ _ 1 

and L'^ bounds like (I125p for Gfc,a;(A) follow. By (I136D we get a random walk expansion for (A). 

This also gives the bound. 

|g|(A)/|<G||/|U (142) 


4 RG transformations for gauge fields 

4.1 axial gauge 

For gauge fields we more or less follow the treatment of Balaban 0 , 0 , 0 and Balaban, Imbrie, and 
Jaffe [T7], [TH], [TB], [55]. This differs from the treatment of the scalar field in that we need to employ 
gauge fixing and we use a different definition of the averaging operators. Even so the gauge fixing here 
is not exactly the axial gauge employed in the above references, but a covariant axial gauge introduced 
by Balaban in m. m and further developed in m to which we refer for more details. 

Start with an integral over fields on of the form 

/'/(A)exp(-i||dAf)i4A DA = l[d{A{b)) (143) 
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This generally does not converge since dA has a large null space; we proceed formally. We scale up to 
the lattice T^. Let po be the function /(^) exp(—i||dA|p) scaled up. For Aq on it is 


Po(^o) = Fd(^o)exp 


(144) 


where Fo(^o) = fLr<r{Ao) = /{Aq^l-n). 

On this lattice we define an averaged field on oriented bonds in T)y by (for reverse oriented bonds 
take minus this) 


{QA){y,y + LCft,) — L A{Tx^x+Le^) (145) 

x&B{y) 

where is the straight line between the indicated points. Note however that is not a 

projection operator. The means that an exponential RG transformation cannot be treated as they 
were in scalar case. Instead we use a delta function RG transformation which has other advantages 
and difficulties. 

We would like to define a sequence of densities po, pi,..., pN with pk{Ak) defined for Ak on 
First consider 

Pk+i{Ak+i) = J 5{Ak+i — QAk)pk{Ak) DAk (146) 

For convergence we introduce an axial gauge fixing function (justified by a Fadeev-Popov argument) 

5(TAk)= 5{(TAk){y,x)^ (147) 

yeT}^_fc ^^B{y),x=jLy 

where {TAk){y,x) is defined in (|2^ . Instead of (II46I) we define pk+i{Ak+i) for Ak+i on by 

Pk+iiAk+i) = J 5{Ak+i — QAk)5{TAk)pk{Ak) DAk ( 148 ) 

and then pk+i{Ak+i) for Ak+i on by 

Pk+Mk+i) = pfe+i(7lfe+i,i)L5(b^-W-.-i)2,-|G.r-«K-.-i) (149) 

Here is the number of bonds in a three dimensional toroidal lattice with sites on a side, 

and sn = is the number of sites. 

The delta function averaging operators compose nicely and we have 

PkiAk) = J 5{Ak - QkA)5l{A)pii,L-^{J^)DA (150) 

where now A is defined on bonds in '^~^_k and the /c-fold averaging operator is defined by Qk = 
Q o • • • o Q. Then QkA is given on oriented bonds in T^_j, by 

{QkA){y,y + e^) = [ L~'^A{rx,x+e,_,) dx (151) 

J\x-y\<^ 


and the gauge fixing function is now 


fc-i 

Sl{A) = l[6{rQ,A) 


3=0 


(152) 
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One can show that pk{Ak) is well-defined [IS], P7] . 

The integral of final density pm{An) gives back the original integral (11431) but now with a hierar¬ 
chical axial gauge fixing function which enables convergence. See m for details. 

For future reference we note the identity 


I y, y-)- Cp, y-(-e^-)-y-)-j — / L ] dx 

V / d|x-y|<i ^ ^ 


(153) 


Here Ea;_ 2 :+e^,... is the square with the indicated corners, and in general dl(I]) = X)peE dA(j)). 

4.2 free flow 

Scaling the po we can also write (|150l) as 

PkiAk)= J 6{Ak-QkA)6liA)Fo^L-.{A)exp(^-^\\dA\\^)DA (154) 

which we analyze further. 

Let W^Ak be the minimizer of ||ddl|p subject to the constraints of the delta functions in (I150p . We 
give an explicit representation later on in (11981) . It has the property that it preserves gauge equivalence: 
ifHfe^W, then niAk^niA',. ^ 

Expanding around the minimizer by = TL^Ak -I- Z we find 


Pk{Ak) = ZkFki'HkAk) exp ( ~ 2 ^ ^kAk > ^ 
where for 'H^Ak and Z defined on 'S^j/Lk- 
< AkjAkAk >=\\d'HlAk\\‘^ 

FkiniAk) =Z-1 J S{QkZ)6l{Z)Fo,L-^iniAk + Z) exp ( - ^\\dZ\\- 
Zk=J S{QkZ)Sl{Z)exp(^-^\\dZ\\^)DZ 


(155) 


DZ 


(156) 


4.3 the next step 

Suppose we are starting with the expression (11551) for pk{Ak). In the next step generated by (11481) we 
have 

Pk+i{Ak+i) =Zk J 6{Ak+i — QAk) 6{TAk) Fk{'HkAk)exp^ — - < Ak,AkAk >^DAk (157) 

Let H^Ak+i be the minimizer for 1 < Ak,AkAk > subject to the constraints. Expanding around the 
minimizer with Ak = Fl^Ak+i + Z we again get the representation 

Pk+i{Ak) = Zfe+iFfe+i('H^_|_j4fc+i) exp ( “ 2 Ak+i^ Ak+iAk+i > ^ 

But now with the identifications 

{ni^^Ak+i)L =niHiAk+i,L 

Fk+iinl+,Ak+i) ={Zl)-^ I S{QZ)S{tZ) Fk[inl+,Ak+i)L+nlz)exp(^-^<Z,AkZ>) 


(158) 


DZ 


z{ = y 5{QZ)6{tZ) exp ( - i < Z, AkZ > ) DZ 


(159) 
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See [57] for details. More generally we define for any A on 

Fk+i{A) = (Zl)-^ J S{QZ)6{tZ) Fk(AL+niZ^e^p(^-^<Z,AkZ>)DZ (160) 

Note that if Fq is gauge invariant then Fi~ is gauge invariant for any k. 

4.4 other gauges 

Restrict now to the case Nq = 1 so po = exp(—i||(i4|p). Instead of (I150|) the density pk{Ak) can be 
expressed in the modified Feynman gauge for any a > 0 by 0, m 

Pk{Ak) = const J d{Ak - QkA) exp(^-^\\dA\\'^ -< SA,Rk 6A>^DA (161) 

where S = dF on 1-forms (functions on bonds) is the adjoint of d = 5 on scalars, and Rk is the 
projection onto the subspace A(ker(5fe). It is explicitly given by 

Rk = I- GkQl{QkGlQlr^QkGk (162) 

where Gk = (—A -|- aQjlQk)~^ for any a > 0 (essentially the same as G'fe(O) in (1601) 1. This includes 
the Landau gauge at a = 0 in which case 

Pk{Ak) = const J S{Ak- QkA) Sn^^RkSA) exp (^- ^\\dA\\'^^DA (163) 

Let RkAk be the minimizer of ||ddl|p + a~^ < 5A, Rk 5A > subject to the constraint QkA = Ak 
imposed in (11611) . An explicit expression for the minimizer can be given using Green’s function for 
this gauge defined by 

Qk = {dd+^dRkS + aQj,Q}^ (164) 

Then one can show [^ that QkGkQ^ is invertible and for any a > 0 

Rk = GkQUQkGkQl)-^ (165) 

It turns out that Rk is independent of a and is also the minimizer for Landau gauge. Furthermore 

Rl=Rk + dDk (166) 

for some operator Dk- This means that in gauge invariant expression we can can replace R\ by Rk- 
In particular we can make this replacement in the fluctuation integral (II60I) . This is useful because 
Rk more regular than the axial R^. 

The relation (I166p also shows that Ak can be expressed in the Landau gauge as 

< Z,AkZ >=\\dRkZ\\^ (167) 

Using this one can show 0, m that there are constants G± depending only on L such that on the 
subspace QZ = 0, tZ = 0 

G-\\Z\f < <Z,AkZ > < C+\\Zf (168) 
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4.5 parametrization of the fluctuation integral 

We parametrize the fluctuation integral (11601) as in [5], [37]. Let Z = (Zi,Z 2 ) where Z\ is defined 
on bonds that lie in some B{y) and Zi is defined on bonds joining neighboring cubes B{y), B{y'). 
The delta function S{tZ) = S{tZi) is fulfilled by taking Zi = Zi G kerr. Let Z 2 be defined on 
bonds joining B{y),B{y'), but not the central bond denoted b{y,y') The delta function 5 {QZ) selects 
Ky^y') = S{Zi,Z2) for some local linear operator S. See (16311) in the appendix for the explicit 
formula. Then the integral is parametrized hy Z = {Zi, Z2, S{Zi, Z 2 ). Or if we let Z = {Zi, Z2) then 
it is parametrized by 

Z = CZ =iZ,SZ) (169) 

The fluctuation integral (11601) can now be written 

Fk+i {A) = J Fk (Al + UkOZ) exp ( - i < CZ, AfeCZ > ) = 1} (170) 

If we define 

Cu = (C^AfcC)-i (171) 

then the integral can be expressed with the Gaussian measure y,Ck with covariance Ck as 

Fk+i{A) = j Fk(AL+nkCZyyc,iZ) = j (^II + w)^^^/(W) (172) 

By (11681) C'^AkC is uniformly bounded above and below. Hence the same is true of the inverse Ck 
and ^ 

\\ct~^Z\\ < C\\Z\\ (173) 

These are basic facts for controlling the integrals (HZH), but we will still need more. 

We note also that the integral can be written 

Fk+M)= j FkiAL+UkZyyc'SZ) C'k = CCkC^ (174) 

where is now defined on functions on all of T%_k- 

1 

4.6 representation for ci 

We will need a representation of Ck which admits a random walk expansion. It is easier to treat C'^. 
and we consider that first. The following from [37] is a simpler version of an analysis by Balaban [S]. 
For A, A on let A = A4A be the solution of the equations 



(t(A + dA))(y,x) = 0 x^y Q\{y) = Q x G B{y) 

(175) 

This is 

X{x) = MA{x) = -{TA){y,x) + L~^ ^ {TA){y,x') 

(176) 

Also define 

Gk+1 = Gk+1 ~ Gk+iQk+i{Qk+iGk+iQk+iJ Qk+iGk+1 

(177) 

where for any a 

> 0 



Gk+1 — (^d, + dRk+iS + aQk+iQk+i) 

(178) 
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The operator is defined on functions on Then the representation is 

C'k = (^I + dM)Qkgk+iQl[l + dMY (179) 

1 1 - 'T 

We also need a better representation of or {C^)' = CC^C^. We have 

1 1 fjrj, , ^ -1 

Cfc,, = (c^AfcC + xJ (180) 

So it is sufficient to find a representation for Ck^x or ^ = CCk,xC'^■ Define 

Gk+l,x = Gk+l,x ~ gk+l,xQk+l(^Qk+lGk+l,xQk+l^ Qk+lGk+l,x (l^l) 

where for any a > 0 

Gk+i,x ~ T dRk+iS + aQ^-iSfe+i + ^2^(^ T 9M)x*iI + dM)^Qk^ (182) 

and X* suppresses the contribution of central bonds b{y, y') joining L-cubes. Then the representation 
is 


C'k^x = {l + dM)QkGk+i,xQl(l + dMf 


(183) 


4.7 random walk expansions 


We quote some results about various random walk expansions, almost all due to Balaban. 

Lemma 8. The Green’s function Gk has a random walk expansion based on blocks of size M, 
convergent for M sufficiently large. These yield the bounds for Ay,Ayi unit sguares centered on unit 
lattice points y,y' € and C,y a smooth partition on unity with supp fy C Ay>: 

\lA,GklA^,f\, \lA,dGklA^,fl IKCydGklA^JWoo < ||/|U (184) 


Here (lA^/)(a;, x + Tye^) = 1 aj,(x)/(x, x + rye^) and {d„f){x,x + r]ey) = (9j./^)(x). The constant for 
the Holder derivative 6a depends on a. The statement that Gk has a random walk expansion means 
that Gk = Gk,oj, and just as in (I131D 

\Gk,uf\,<CiCM-y‘^\\\f\\aa (185) 

and similarly for the derivatives. It also means that bounds of the same form hold for Gk{s) defined 
with weakening parameters s as in (11341) . The estimates (I184p also have a global version: 

\Gkf\, \dGkf\,\\So.dGkf\\oo<C\\f\\ao (186) 


Similar remarks can be added after each of the following lemmas. 

Lemma 9. The operators {QkA~^Q^)~^ and {QkGkQj)~^ have random walk expansions based 
on blocks of size M, convergent for M sufficiently large. These yield the bounds 


\{QkGlQl)-\x,x')\ 

\iQkGkQl)-Hb.b')\ 
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These operators are not inverses of local operators so the expansions are more complicated. 

Lemma 10. The operators Rk and TLk have random walk expansions based on blocks of size M, 
convergent for M sufficiently large. This yields the bounds 

\lA,RklA^,f\, 

^ (188) 

|iA„HaA„,/|, \iA,d-HkiA^,f\,\\Sc.Cyd-HkiA^,f\\^<Ce-^‘^^y’y^\\f\\^ 

The expansion for Rk follows from the expansion for Gk = G'fe(O) in section 13.41 and the expansion 
for {QkG‘lQ]^)~^ and the representation (116211 . The expansion for Rk follows from the expansion for 
Gk and the expansion for {QkGkQk)~^ and the representation (11651) . 

For future reference we record the global estimate on Rk'. 

mkf\, \dRkf\,\KdRkf\\oo<C\\f\\oo (189) 

Next we consider operators like Ck which act on functions of the type Z = {Zi,Z 2 ) defined in 
section IT3] For such functions define lg(^y)Z = {lg(^y'^Zi,lg(^y^Z 2 ) where (lB(y)^ 2 )(a;, a; + e^) = 
lB(^y'j{x)Z 2 {x,x + ey). This is again a variable of the same type and Z = Ig^y-^Z. 

- 

Lemma 11. The operators Ck,Ck,x,C^ have random walk expansions based on blocks of size 

M, convergent for M sufficiently large. These yield the bounds for y,y' ou T^_^; 

\^B{y)Ck^B(y')f\, B{y)Ck,x^ B{y>) f\, \^B{y)Ck ^B{y')f \ < ^ll/lloo (190) 


We sketch the proof. For a; > 0 the Green’s function G°_^_i ^ has a random walk expansion just as 
for Gk, and {Qk+iGk+i x^+i)~^ ^ random walk expansion just as for {QkGkQk)~^■ The other 

operators in (11811) are local so we have an expansion for Gk+i,x- Then the other operators in (118311 are 
local so this yields an expansion for C'f. ^ = CCk,xC^. Next we write 

Ck,x = (191) 

Since (C^)“^ are not local this does not immediately give a random walk expansion for Ck^x- 
However C'“^,(C^)“^ themselves have random walk expansions which we develop in appendix K1 
Together with the expansion for C'f. ^ we get an expansion for Ck^x and Ck is the special case x = 0. 

We cannot use the expansion for Ck^x directly in (I180p unless we can establish that Ck^x = 0{x~^) 
to ensure the convergence of the integral over x. This bound which is not readily available. Instead 
we use the modified representation. Break the integral over x at some 71 . Then for cc > 71 write 


^ LXJ 

Ck,x = (c^AkC + xy =J2 x-^^-^\-inC^AkCr 

n—0 


This coverages for 71 sufficiently large. Doing the integral over x in the sum yields 




1 


dx 

\fx 


Ck 




n ^ + 9 
n=0 ^ 


■{CAkCy 


(192) 


(193) 


Then for Ck,x we use the random walk expansion above, which is uniformly bounded in x. For C^A^C 
and powers we can use the representation Ak = R^SdRk from (11671) and the expansion for Rk. 


The bound (11901) also has the global version: 

\clf\<c\\f\\ 


(194) 
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5 Polymer functions 

5.1 a preliminary lemma 

Before defining polymer functions we first show that every gauge potential A is locally equivalent to 
a field depending only on the field strength dA. We only need this on a unit lattice. 

Lemma 12. Let A be a gauge field on a unit lattice lattice. For any reference point y on any any 
cube centered on y we have A = A' -\- d\ where A' depends only on dA and satisfies 

\A'{b)\<d{b,y)\\dA\\o. (195) 


Proof. We go to an axial gauge. Let r(j/, x) be the path from ?/ to a: in which coordinates are increased 
in the standard order, and let A(a:) = A(r(y,a;)). If & = [x,x'] is on one of the paths r{y,x) then 

A{x, x') = A(r(?/, x')) - A(r(?/, x)) = dX{x, x') (196) 

and so A' = A — 9A vanishes on such bonds and hence on the paths r(?/, x). 

Now for any bond b = [x, x'] we have that r(y, x) + [x, x'] — r(y, x') is a closed path which bounds 
a surface made up of at most d( 6 , y) unit plaquettes. Therefore by the lattice Stoke’s theorem 

A'{x, x) = A' (T{y, x) + [x, x'] - r(?/, x')) = dA'= dA{Y.y^^^^>) (197) 

and the result follows. 

5.2 a regularity result 

The Landau gauge minimizer Ak = T-LkAk will play an important role in the following. In particular 
we want to use it as a background field in the boson Green’s function Gk{Ak). Hence it must satisfy 
the conditions (IllSp . However as we explain later we only want to assume bounds on dAk not Ak 
or general derivatives dAk- To obtain the result will require some gymnastics, roughly following 

m- 

Recall that is gauge equivalent to the axial gauge The explicit expression for the latter is 

n = Qf - GlSQfd (198) 

The operator averages over the faces unit cubes and Ql averages over plaquettes on the corners of 
unit cubes. (See [T7] or for the exact definition.) Here the operator 6 = df" on two-forms (functions 
on plaquettes) is the adjoint d on one-forms (functions on bonds). The operator Gl on is the 

axial Green’s function defined by 

exp{^<f,GU>)=^k"l SiQkA)Sl{A)exp(^-^\\dA\\^+<f,A>)DA (199) 

(It is not identical with the Green’s function of [T7] since the axial gauge fixing is a little different.) 
After a calculation using the identity (11601) one finds that the kernel satisfies 

Gl+Ab,b') = LGl{Lb,Lb') + L{niC',n'^’^){Lh,Lb') (200) 

Iterating this we see that the Green’s function admits the decomposition 

k-l 

gi{fi b') = L^-^b') (201) 

3=0 
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In the combination Q^6 we have on the right = (dT-Lj)^ = and on the left we 

use "Wj ^ Thus Ql.5 is gauge equivalent to Vkd where Vk is defined by the kernel 

fe-i 

Vk{b, h') = ^ L^-^b') ( 202 ) 

j=o 

and (and hence Hk) is gauge equivalent to 

= Qf - VkSQl’^d (203) 

The only discontinuous part of TL^ is The operator Vk has good regularity and decay bounds 

as we now show. 

We claim that 


\iVkfmi\idVkf){b)\,\{So.dVkf){b)\ < (204) 

To see this temporarily drop the scaling factors and let /l(6) = f{b/L). Then with Ck = 'HkC'k'H^ 
we have 

k-l 

{Vkfm = ^ L-2('=-^)(Q/i.-,)(L'=-^&) (205) 

j=o 

But it can be deduced from (I188p (|190|) that 

\iCkf)ix)\, lidCkfmi, liS^dCkfmi < (206) 


Therefore 


k-l 

K-Dkfmi < 

j=o 


(207) 


this yields the first bound in (12041) . The derivatives reduce the to or 

and we still have convergence. Thus ()204l) is established. Note that we cannot allow two derivatives 

unless d(6, supp/) > 0(1) > 0. 

We also need a local version of V. Again let (^Ay be a smooth partition of unity with supp Ca„ C Ay 
and define 


V,v'-div,y')<i (208) 

=Qf - v^rsQfd 

Then 27^°'^ again satisfies the bounds (I204p . since if a derivative falls on a Ca„ nothing important is 
changed 

The difference Vk — V^^'^ has no short distance singularity and we can allow more derivatives, also 
on the right. We have instead of (12051) 


k-l 


Vk - VT)f ){b)= Y. Ca„(&) ^ {Cy{Uy,f)L>^-){L^-^h) 

y,y'-d{y,y')>i j=0 


(209) 


and since d{y, y') > 4 implies d{Ay, Ay>) > 1 we have instead of 

Pfe-P^)/)(6)| E CAyib)e-^^"~'‘^^^y’^yd 

j=0 y,y':d{y,y')>4 

j=o 

<C^II/l|oo 


( 210 ) 
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Now we can allow any number of extra derivatives, each derivative adds a factor ^ to the last 
estimate but the factor ^ still gives convergence. In particular we have 

\{Vk - Vi°-)6Fl\d{Vk - Vi°-)SF\,\6^diVk - Vi°^)6F\ < C||i^|loo (211) 

With these preliminaries out of the way we can now state the regularity result. Let be a 
cube centered on □ which which is a union of M-cubes with 0{1)L M-cubes on a side. We have 
□ C □ C 

Lemma 13. Ak = TikAk has the property that in eaeh it is gauge equivalent to some A' satisfying 

\A'\,\dA'l \5o,dA'\ < CM\\dAk\\oo (212) 

Proof. We write 

Au = {-Hk - •H^)Ak + - KlAk + V}k"Ak (213) 

and argue that each term has the stated property. The first is globally pure gauge and hence pure 
gauge on any 

The second is the same as {V^ — 'D'jf‘^)SQ'f'^dAi; and by (121111 we have globally 

\{Vk - Vi°^)SQfdAk\, < C\\dAk\\oo (214) 

and the same for the derivatives. 

For the third term note that by lemma [12] we have Ak = A'j^ + dX on a suitable neighborhood of 
and 

\A'k\ < CM||d^fc||oo < CM||dyife||oo (215) 

The last inequality follows since Ak = QkAk hence by (I153p |d^fc| < Ilc^-dfcHoo- Next = dQj.\ 

and so in 

V}^'^Ak=V}rA'kFdQl\ (216) 

Thus it suffices to show that Tdfk'^A'j. is a sum of terms with the stated properties. The function has a 
good bound, but we have to work harder for the derivative. 

Extend the definition of A'^ to the whole lattice by dehning it to be zero off the neighborhood of 
The extension is still bounded by CMljd/lfclloo, as are derivatives since we are on a unit lattice. 
Now write on 

H'rA'fc = (7^'r - K)A'k + (H? - nk)A'k + UkK (217) 

The first term {Vk — TX^k‘^)SQ^^dA'^, and its derivatives are again bounded by (I211L the second term 
is again pure gauge, and the third term has good bounds by (I189p . This completes the proof. 

5.3 bounded fields 

We define some bounded field conditions. To motivate the definitions consider the minimizers 

Ak = 'HkAk (j)k{A) ='Hk{A)^k (218) 

As suggested by our discussion to this point, and as we show in detail, the action after k steps will 
have the leading terms 

-^\\dAk\\'^ + —\\^k — QkiAk)4>k{Ak)\\'^ + —\\dj],f,(j>k{Ak)\\'^ + Xk J (j>k{Ak)^ + ■ ■ ■ (219) 

We choose the small field conditions so that if they are violated somewhere, then some piece of this 
action is large and the contribution to the density is suppressed. To specify the conditions let 

Pk = {-log Xkf (220) 

for some positive integer p. We assume Xk is small so that pk is large. Further we assume that < Xk 
so that Pk < Xf" < 
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( 221 ) 


Definition 1. The small field domain Sk is all real-valued fields Ak, on such that 

\dAk\ < Pk 

and ^ 

— QkiAk)4>kiAk)\ < Pk \dAi,4'kiAk)\ < Pk \4>kiAk)\ < Xf. *Pk ( 222 ) 

The bounds on Sk imply the bounds on the fundamental fields 

\dAk\ < Pk |9$fe| < 3pk < 2Afc ^pk (223) 

The first follows from Ak = QkAk and the identity (I153|) . The other two follow in a straightforward 
manner (see for example [24]). 

We also want a larger complex domain for the polymer functions we are about to introduce. 
Definition 2. Let e > 0 be a fixed small number and consider the bounds 

\dA\<e^^+^^ \5^dA\ < (224) 

and 

\(f\< X~^~" \dA'p\ < \Sc.,AdA'P\ < x~^~" (225) 

The small field domain TZk is all complex-valued fields Al, </> on such that 

1. A = Ao-\- Ai where Aq is real and each is gauge eguivalent to some A'q satisfying i224\ ) with 
a factor 1 on the right and Ai is complex and satisfies i 224 \ ) with a factor 1 on the right. 

2. (j) satisfies the bounds Ii225\} 

We also say A G TZk if A satisfies condition 1. Then A is locally gauge equivalent to a field A' 
satisfying l|224ll . and if (j) satisfies (12251 ) the pair {A,(j)) is locally gauge equivalent to a pair {A',(j)') 
satisfying (|224ll . (I225|) (The latter since \4>'\ = {(fl, \dA'(t>'\ = etc. ) We also note that if Al G TZk 

then 

\dA\ < 0(1)6^^+^'^ |Im A\ < 0(1)6^^+'^ (226) 

These bounds are somewhat arbitrary. They must be large enough so that Sk C TZk, a fact we es¬ 
tablish next. The conditions on A are more restrictive than the domain (11151) and hence Gk{A),TLk{A) 
and derivatives of order less than two have good bounds. The conditions also ensure that the polymer 
functions do not become too large and hence erode the convergence of our expansions. Also it is 
convenient to have slightly sharper bounds for higher derivatives. 


Lemma 14. If a < 2/3 then Ak,^k i'n Sk implies Ak,(t>k{Ak) in hTZk- 


Proof. By Lemma [HI Ak is gauge equivalent in each to some A! satisfying 


\A'\,\dA'\,\5o,dA'\ < CMpk < e 


— € 
k 


(227) 


Hence the bounds (|224|1 are easily satisfied. The bounds on (fkiAk), dA^(l>k{Ak) are also immediate. 
For the last we write for d{x, y) <l and A = Ak 


[da.AdAcfkiA'^ (x, y) 


e^^’^-^^'^^y\dA4>k{A)){y) - dA(t>k{A)){x) 


e^^'‘-^^^<‘y\dA(t>k{A)){y) - dA(t)k{A)){x 


X - yY 

’ll?, 


|a; - ?/| 2 “ 

< {G\f}pkf^\2pkfl^ < iA-^- 


e^"'=^(r-)(a,i(/fe(A))(2/) - dAf>k{A)){x) 


1/3 


(228) 
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Here we used (11261) and (12231) for the first factor and (12221) for the second factor. This completes the 
proof. 


For future reference we also note the following result 
Lemma 15. If A, (j) € TZk+i, then in any the pair {Al, (fh) is gauge equivalent to {A', </>') satisfying 



\dA'\,<L-^+^[e^^+^^] 


(229) 

and 





|9^.</.|<L-t-[A7-^^] 

\5o.,A'dA'<f'\ < 

(230) 

In particular (A\(j)') G L~i' 

-^Uk. 




Proof. Choose an M-cube Dq in so that C LDq. We have A = Aq+Ai with ^ A'q in 

□q and A'q,Ai satisfy the bounds for fc + 1. Hence Al -dp ^ + Ai^l = A' in LOj, and hence in 
Since Ck+i = Lf^'^ek we have in 


< 1 / = II.A0II00 < 2 ^^ 




-l+er„-l+ei 


(231) 


The bound for dA'^ = T ^[dA'Q)L is similar as is the bound for SadA'^ ^ The same bounds hold for 
Ai^l- Therefore A' satisfies (12291) . Similarly for (j)' ^ (fk since A^+i = LXk 


Since dA'f’’ 




fe +1 — 


< L- 


(232) 


dALf'L = L ^{dA4')L, etc. the derivatives add extra powers of L ^ as indicated. 


5.4 definition of polymer fnnctions 

A polymer X in is a connected union of M cubes, with the convention that two cubes are 

connected if they have an entire face in common. The set of all polymer functions is denoted Dk ■ Our 
interaction terms will be expressed in terms of polymer functions E{X,A,4)) which depend on the 
fields A, (j) only in X 

We require that E{X, A, 4>) is bounded and analytic on the domain TZk so the norm 

\\EiX)\\k= sup \E{X,A,(I))\ (233) 

A,4>£'Rk 


is finite. 

We also require that E{X,A,(p) be exponentially decaying in the size of X. Size is measured on 
the Af-scale. define dufiX) by 

Mdui^) = length of the shortest continuum tree joining the M-cubes in X. (234) 

The requirement is that E{X,A^ (f) be bounded by a constant times ^ _ 0(1). To 

put it another way the norm 

||F;|U,„= sup ||F;(A)|Ue"‘'“W (235) 

xeT>k 

must be finite. The space of all polymer functions with finite norm is is a Banach space called /Cfc. 
We also note that if \X\m is the number of M cubes in X, then 

dMiX)<\X\M<0(l)(dMiX) + l) (236) 
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(237) 


Also there are constants ko,Kq = 0(1) such that for any M-cube □ 

g-KodM(X) ^ 

XeT>k,XDO 

We assume k> kq. 

To scale polymer functions we first introduce a blocking operation. If T is a polymer in 
which is a connected union of LM-cubes we define 

{BE){Y)= ^ E{X) (238) 

where X is the union of all LM-polymers intersecting X. Then 

\iBE){Y,A,(j))\ < C>(l)T3e-^('^-«o-i)di:.M(y)||^||^_^ (239) 

This can be scaled down to a polymer function {BE)l-i on by 

{BE)L~iiX,A,<^) = {BE){LX,Al,M (240) 

and then 

\\iBE)L~i\\k+iM--.o-i) < Oa)L^\\E\\k,, (241) 

Note that if k is large enough then L{k — kq — 1) > k and we can take k on the left. But the means 
that the size can grow. 


5.5 symmetries 


We consider polymer functions E{X,A,(j)) G /Cfc which are invariant under the following symmetries 

1. (lattice symmetries) If r is a unit lattice symmetry and Ar,(j)r are the transformed fields 

then E{rX,Ar, ipr) = E{X,A, </>). 

2. (gauge invariance) E{X,A^,(I>^) = E{X,A,(p). 

3. (charge conjugation invariance) E{X,—A,C(j)) = E{X,A,(j)). 

Here are some consequences. The derivative of E{X,A,(f>) in A at ^ = 0,^1 = 0 is is the 


multilinear functional 

S^E 




(A, 0; 


d-n 


dti... dt„ 


B{X, tl/l + • • • + tnfn, 0) 


J t=0 


(242) 


If one of the functions fi = dX then by gauge invariance there is no dependence on ti and the derivative 
vanishes. Thus we have the Ward identity 

— (A,0;/i,...,aA,.= 0 (243) 

A special case of gauge invariance is rotation in charge space. If e^A = 6= constant then 

E{X, A, e«V) = E{X, A, </>) (244) 


A rotation by d = tt in charge space gives E{X,A,—(j)) = if(A, A, </>). Hence any odd nnmber of </> 
derivatives at (f> = 0 gives zero. Therefore 


6E / \ 

6^E „ 

S^E 



S(I)SA (^’ “ 

,5(/)(5A2 (^’ “ 



Charge conjugation invariance gives E{X,—A,0) = E{X,A,0) and this implies 


(245) 


6E 

Ja 



= 0 


(5A3 V 


A,o) 


= 0 


(246) 
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5.6 normalization 

As we iterate the RG transformations the scaling operation can increase the size of the polymer 
functions by as much as 0{L^) as is evident from (12411) . We have to watch this carefully and start 
with a discussion of what criteria we need to avoid this growth. The following generalizes the analysis 

in [H], pi] . 

Definition 3. A polymer function E{X,A,4i) with the stated symmetries is said to be normalized if 
in addition to the vanishing derivatives {243^ , {245^ , \24()^ we have for 1 < j < 2 and some Xq £ X 

EiX,0) = 0 ^(A,0;e„e,j =0 ^(a, 0; e„ (• - J = 0 (247) 

Define a polymer X to be small if dM^X) < L and large if dM{X) > L. The set of all small polymers 
in denoted S. Next we show that a polymer function normalized for small polymers contracts under 
scaling. 

Lemma 16. Let E{X,A, (f) be normalized for small polymers. Then for L sufficiently large and e^, 
sufficiently small (depending on L,M) and ^ < a < | 

\\{BE)L~i\\k+i,. < 0{l)L-^E\\k,. (248) 


Proof. This follows a similar proof in [24], where one can find more details. For large sets dM{X) > L, 
We can borrow a factor e~^ from the decay factor This beats the and and gives an 

estimate for any n. 

For small sets X we will show that for A,(j) £ TZk+i 

\E{X,AL,fL)\ < 0{l)L-^-^E{X)\\k (249) 

This improves on the general bound \E{X,Al,4>l)\ < C)(l)||£'(A)||fe which was the input to (12411) . 
The extra factor L~^ beats the and yields the result. 

Every small polymer X contains some M-cube □. By (12361) \X\m < 0{\)L and so X is contained 
in some enlargement By lemma [T31 {Al,^^) is gauge equivalent in to {A' satisfying the 
bounds (12291) . (12301) . Since E{X) is gauge invariant it suffices show that E{X,A',(j)') satisfies (12491) 
for fields satisfying (12291) . (12301) . 

We make a further gauge transformation. Pick a point xq in X. Since the constant A'^{xf) = 
d^[A'{xa) ■ {x — Xq)) = dX is pure (complex) gauge in we can define 

Aix) =A'(x) — dX = A'ix) — A'(xo) 

' (250) 

<^(x) 


We claim that the new fields satisfy the bounds 


|A| < 

and 



(251) 

\f\<3L-i-^[xf^-^] 

\dj\ < 3L-t-[A-^-"^] 

K.a9a^\ < 

(252) 


Indeed since X is small it has diameter less than M\X\m < 0{1)ML. We assume is small enough 
so 0{l)MLe\ < 1. Then we have the improved bound 


\A\ <Oil)ML\\dA'\\^ < (0(l)ML)L-2+^e^i+2^ < L-^+^[e^^+^] (253) 
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The bounds on derivatives stay the same. The gauge function satisfies |A| < 0{1)ML\A'{xq)\ < 
CMeZ^~^'^ < and so the bounds on the scalar field are only altered by the inconsequential 

|giirefeA(a:)| < ^ek\\{x)\ < g < 3_ 

We now have (.A, G 3L~i~^Tlk and since since E{A', </>') = E{A, it suffices to prove the bound 
(12491) for fields satisfying (j251L (j252l) . 

We make a Taylor expansion of t —>■ E{X, tA, t(p) around t = 0 and evaluate at t = 1. For complex 
t with \t\ < we have {tA,t4>) G Taking account the vanishing derivatives and choosing 

r = the expansion is then 


E{X,Aj) 


1 S'^E 


' 2^2 V 

1 d^E 

+ 


2 SAScj)' 


,0;A,a) 

( 


16‘^E 


2 6(1)'^ V 

X,0;A,(i), 


X,0;^, 


1 

27ri 


'Id 


E{X, tA, t(j)) 
E{t- 1) 


dt 


(254) 


Since \E{X,tA,t^)\ < ||i?(X)||fc the last term in (12541) is bounded by 0{\)L~^~'^^\\E(X)\\k which 
suffices. 

With (f> = 0 the first term can be expressed in a larger analyticity domain as 

Then this term is bounded by which suffices. 


Next consider the term {6^E/6A6(j}'^){0-, A, (j), (f>) in (I254|) . Now {t, s) —>■ Ek{X, tA, scj)) is analytic in 
|f| < L^+e |g| < and so 


1 S^E 

2 SAS(j)^ 




dt 


(27ri)2 g 


ds ~ 

-irEk{X,tA,S(j)) 


(256) 


Then this term is bounded by 0{1)L ^^^'^'^\\E{X)\\k = 0{1)L 2+3'^||i5(x)||fe which suffices. 

For the analysis of the term {6‘^E/S(fP){0; (j), (j>) in (I254|) we write 


^{x) = ^{xq) + {x- xq ) • d^{xo) + A(x, xo) 
and expand taking account the vanishing derivatives 


(257) 


S^E 


(^X, 0; 0; (■ “ ®o) • d^ixo), (• - Xo) • 90(xo)) 


+ - 


^S^E 
5(j) 

5^E „S^E , 


+2^ (^, 0; (• - Xo) • d^{xo), a) 


(258) 


■ (a, 0; A, a) + 2^ (a, 0; .^(xo), a) 


5(jA 

All these terms can be estimated by Cauchy bounds and the information that 

^{xq) G L~i~'^TZk {x — xq) ■ d^{xo) G L~i~‘^'^TZk X G L~i~°'~^'R-k 


(259) 


See [23] for estimates of this form (where the exponents are a little different). The first term is then 
0{\)L~^'^^^~^’^\\E{X)\\k which suffices. The second and third terms are even smaller. The last term 
is less than 0{1)L~'^'^^^‘^~°‘~‘^’^\\E{X)\\k, which suffices since we are assuming a > ^. 

Thus (12491) is established and the lemma is proved. 
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5.7 arranging normalization 


The next result shows that if we remove certain relevant terms from the polymer function, the remain¬ 
der is normalized. 

Given E{X, </>) on satisfying lattice, gauge, and charge conjugation symmetries we define 

{TZE){X,A,(l)) as follows. If X is large then {TlE){X,A,(j)) = E{X,A,(j)). If X is small {X € S) then 
{TZe!){X) is defined by 


E{X,A,cj:,)=ao[E,X)Yo\{X) + a2{E,X) [ + y^a2,^{E,X) [ ^ ■ X + {nE){X,A, (/>) 

Jx „ Jx 

(260) 

where 

= YoUX)= Y. (261) 


x^X:x-\-Tje^^X 


and 




1 / E / \ 

a2AE, X)5,j [X, 0,; e^, (• - x°)^ejj 


1 S^E 


Vol(X) (5())2 


(x, 0; a, Cj) 

(^X,0;ei,ej) J {x^-x°^)d: 


X 
(262) 


The expression for a 2 ,i_i{E, X) is independent of the base point x^, which we take to be in 
X. To see that S^E/6(j)'^{X,0;ei,ej) is proportional to 6 ij first note that charge conjugation says 
d‘^E/S(j)'^{X,0; 61 , 62 ) = S‘^E/S(j)^{X, 0 ;C 6 i,C 62 )- But Cei = 61 and C 62 = —62 so this is zero. 
The identity (5^i?/<5())^(X, 0; ei, ei) = 5^E/64>^{X,Q-, 62 , 62 ) follows by rotation invariance. The same 
argument works for 6 ‘^E/S(j)‘^{X, 0; e^, (a; — a;°)^ej). 


The term (p- requires some additional comment. The derivative is the average of a 

forward and a backward derivative, and we use it because transforms like a vector field under lattice 
symmetries - see appendix|B] This would not be the case with just the forward derivative dA,)j.- In an 
equation like (125711 we are allowed to use a forward derivative since we are estimating something we 
already know to be invariant. (The substitution -A should also be made in equation (157) in 

m) 


In the expression (p ■ Xa,^.<P we only include bonds in X. To accomplish this write it as px • 
YA,f,px where 


(l^xix) 


p{x) X £ X 

p(x ± ri6fj) X pi X,x E r]6fj, £ X 


(263) 


Then if r is a lattice symmetry {pr)rX = iPx)r and so J^px ■ Xa^Px is covariant. We need this 
property to guarantee that TZE is covariant under lattice symmetries. 


Lemma 17. TZE is invariant under lattice, gauge, and charge symmetries. TZE is normalized for 
small polymers and satisfies for e^, Xk sufficiently small 


\\nE\\k,^ < 0{l)\\E\\k,^ 


(264) 


Proof. The invariance follows since everything else in (12601) is invariant. The derivatives in question 
match on the left and right except for the term TZE, hence its derivatives vanish. The bound holds 
since everything else in ()260l) satisfies the bound. See [24] for more details. 

For global quantities we only have to remove energy and mass terms. 
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Corollary 1. 


^ E{X) = -e{E) Vol{Tu-k) - \ti{E)Ur + 

where 

e{E)=- Y. 

XDn,X65 

lfi{E)=- Y ME,X) 

XDa,x&s 

Furthermore 

\siE)\ < o(i)||i?|U,« KE) < C(l)Ai+"l£;|U,. 


(265) 


(266) 


(267) 


Proof. Sum (12601) over X and rearrange. The 4> ‘ term vanishes since 

^ a2AE,X)= 0 (268) 

XDD.XeS 

This follows since if r is a reflection in the fj, direction a 2 ,fi{E^rX) = —a 2 ,^{E^X). Take a reflection 
through the center of □. 

The bound on e{E) follows directly, and the bound on ^(E) uses a Cauchy bound. See [53] for 
details. 

5.8 localized Green’s functions 

We can also localize the scalar Green’s functions with polymers using the random walk expansion 
(I122p . For a walk w = (wq, wi,... ,a;„) define X'^ = Then write 

Gk{A)= Y Gk{X,A) (269) 

xei5fc 


where 

OO 

G^{X,A)= Y Gk,M = E E GkA-E) (270) 

u)\X'^—X n—0 uj:\uj\—n,X[^—X 

Then GkiX,A) only depends on A in X, and the kernel Gfe(X,.A,a:,y) vanishes unless x,y € X. 
Recall that if |a;| = n 

|Gfc,^(A)/| < GiCM-A\\f\A (271) 

But dM{X) < \X\m = \X'Jm < 27{n + 1) so we can make the estimate 

{gm-A^^ < e>(i)(CM"i)‘*'^(^)/®^ < (272) 

for M sufficiently large. The remaining factor (CM”^)”/^ still gives the overall convergence of the 
series. Thus we have the bound 


|Gfe(X,A)/| <Ce-«‘’*“(^)||/||oo 

as well as bounds on the derivatives and bounds. 


(273) 


34 





6 The main theorem 

6.1 the theorem 

The starting density on from (fT51) . (flBl) is 

po(^o, l>o) = exp - ^IldAof - ^PAol'of - to($o)) (274) 

For the full analysis of the model we define a sequence of densities /9fc(^fe, ‘tfe) for fields on by 

successive RG transformations. First for fields on we define as in (l29l) and (I148|) 

Pfe+i(Afc+i, $fc+i) = 

J 6(^Ak+i — QAk^ 6{TAk)6G(^^k+i — Q{-Ak+i)^k^Pk{Ak,^k)DAkD^k 

We have chosen a background field .Afc+i which is a smeared out version of Ak+i and defined precisely 
later on. Then we scale to fields on by 

Pk+i{Ak+i,<^k+i) = 

In this paper we consider a bounded field approximation in which (127511 is replaced by 
Pk+l{Ak+l,^k+l) = 

J XkXk ^(y^k+i — QA]^ 5 {tA k+i)5G{^k+i — Q{Ak+i)^)^Pk{AkT^k)DAkD^k 

and scaling is the same. New are the characteristic functions XfcXfe enforcing bounds on the fields.. 
Here Xk = x{{^k,^k) G Sk) is the characteristic function of the small field region Sk as defined in 
section [531 The other characteristic function x'k restricts the fluctuation field and is defined by 

Xk=Xk{Ck{Ak+i)-H^k-Hk{Ak+i)^k+i)) Xk{cf^C-\Ak-HlAk+i)) (278) 

where Xki^) i® characteristic function of |IT| < po,fe and po,fc = (—logAfc)^” for some po < P- 
These restrictions are natural in Balaban’s formulation of the renormalization group. Our goal is 
to study the flow of these modified transformations. As noted earlier this is the location of the 
renormalization problem. 

We are going to claim that after k steps we have a density pk defined on the domain Sk essentially 
of the form 

Pk(.Ak,^k) 

/ 1 , \ (279) 

= Afk7-k7-k{Ak) exp ^ — -||c?Afe|| — Sk,Ak {^ki4>k{Ak)) — Vk{(l)k{Ak)) + Ek{Ak, <('fe(Afe))j 

where 

Ak = Ak{Ak) = HkAk <l)kiA) = (j)k{A,^k) ='HkiA)^k (280) 

and where 

SkA^k,^) =y ||4>fe - Qk{AW + 

14((/)) =£fcVol(TAr_fc) + + ^Afc J \(j){xAdx (281) 

Ek{A,(l))=J2EkiX,A,^) 

X 


(276) 


(277) 
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Note that this is true for A: = 0 with Zq = Zq{A) = 1, i?o = Oj and the convention that Aq = Aq and 
and (jiaiAo) = $o and Qo(-Ao) = I so that $o - Qo{Ao)(j)o{Ao) = 0. 

We assume that L is sufficiently large, M is sufficiently large (depending on L), and that e,A are 
sufficiently small (depending on L, M). For definiteness we take e < and then < A^^^ for all k. 

Theorem 1. Under these assumptions suppose pk{Ak,^k) has the representation 1279]) for Ak,^k S 
Sk- Suppose the polymer function Ek{X,A,4>) is defined on TZk, has all the symmetries of seetion\^ 
and is normalized for small polymers. Finally suppose 

\\Ek\\k,.<l (282) 

Then up to a phase shift pk+i{Ak+i, ‘h/c+i) has a representation of the same form for Ak+i, ^k+i S 
Sk+i, now with Ck+i = Lf^'^Ck and A^+i = LXk- The bounds are not the same but we do have 

Sk+l =L^£k + AiEk + £*k{pk, Ek) 

Pk+i =L^Pk + ^2Ek + Pk{pk, Ek) (283) 

Ek+l =^3Ek + Ek{pkt Ek) 

The Ci are linear operators which satisfy 

\CiEk\ < 0{l)L-^\\Ek\\k,. 

\C2Ek\ < 0{l)L-^Xl/^+^^\\Ek\\k,. (284) 

WCsEkWk+i,. < Oil)L-^Ek\\k,. 


and we have the bounds 


141 < omi 


\pl\<Oil)Xl 


\E*k\\k+i,. < Oil)Xl 


(285) 


Remarks. 

1. The phrase ”up to a phase shift” means we actually show that pk+i{Ak+i^ e^^^k+i) has the form 

(127911 for some real function 9 = 9{Ak+i). Changing it back to pk+i{Ak+iT^k+i) changes the 
definition of the RG transformation, but does not change the basic property that the integral 
over is the same for each k. 

2. By lemma [T4l we have that Ak,^k S Sk implies Ak,4>k{Ak) G TZk so that Ek{X,Ak,4‘k{Ak)) is 
well-defined. 

3. The polymer functions Ek contain all parts of the interaction not in Sk,Ak or 4 These are 
growing at a controlled rate because we have extracted corrections £l{pk,Ek) to the energy 
density and p*f.(pk,Ek) to the mass squared. 

The terms Ci{Ek) are the result of normalizing terms which newly qualify as small polymers. 
(They are not the full linearization of the mapping.) The starred terms are the result of the 
fluctuation integral and include contributions from both Ek and 14- 

4. We have the weak bound ||F^fe||fc.K < 1 or \Ek{X,A,4>)\ < because we are allowing the 

fields to be somewhat large. But Ek is actually small. For example if Al, (j) and derivatives are 
0{1), then for |t| < A^ ^ ^ we have tA,t4> ^ TZk- Hence since Ek is normalized 

Ek{X,A,f>) = Ek{X,A,(f)-EkiX,0) = ^ f ^ (286) 

27r* t{t- 1) 

This gives the bound \Ek{X,A,(j))\ < 0{l)X^e~'^‘^’^'^^\ 
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6.2 proof of the theorem 

The proof follows the broad outlines of Balaban, Imbrie, and Jaffe [TS], but differs in many details. 


6.2.1 preliminaries 

We define operators on and fields on which are scalings of 

Ak+i,4>k+i{A). For Afc+i,$fe+i on we define 

A°f^^i{Ak+i) = "Hfc+iAfe+i = (Hfe+i^fc+i,L-i)i = (■^fe+i(^fc+i,L-i))i 

o r, 1^0') 

(^fc+l(.A, $fe+i) = 'H%^-^{A)<^k+l = {'^k+l{AL-i)^k+l,L-^)L = {(t>k+l{AL-i,^k+l,L-^))L 

These scale to Ak+i,4>k+i{A), for example if Ak+i on then A%^-^{Ak+i,L) = {Ak+i{Ak+i ))l 

We can also write 

cl>l+M.^k+i) = %k{A)Hk{A)^k+i (288) 

by the identity (1741) . But the analogous formula for the gauge field would only hold if we were using 
the axial gauge at this point. 

We study pk+i{Ak+i,^k+i) for fields Ak+i,^k+i in >5^+1, the scaled version of Sk+i- The space 
^k+i is defined as all Ak+i,^k+i on satisfying 

\dAl+^<L-"^Pk+i (289) 

and 

l‘i’fe+1 — (3fc+i(.A°_|_i)(/)°_|_i(yi°^i)| <L '^pk+i 

\d^l+Ml+i)\ <L-ipk+i (290) 

l'/’fe+l('^fc+l)l Pk+l^k+l 

Then Ak+i j^-i , ^k+i.L-^ on satisfy the conditions for Sk+i and we conclude by lemma [TTl that 

Ak+i{Ak+i^L~^),4>k+i{Ak+i{Ak+ix-^),^k+i,L~^) satisfy the bounds for ^TZk+i- This is the same as 
saying (^Al_^_^{Ak+i)^ (^(j)l^^{Al_^_^{Ak+i),^k+i)j satisfy the bounds for ^TZk+i- Then lemma 

[T5]says that A\j^-^{Ak+i), 4>^i.+i{'^\+ii-^k+i), ^k+i) satisfies the bounds (12291) . (|230l) and in particular 

(.A^+i,0fe+i(.A^+i)) G T 4 "^TZk (291) 


6.2.2 gauge field translation 

Now for Ak+i,^k+i G S'^+i 


Pk+i{Ak+i,^k+i) = J D^k DAk Xk Xk ^(yAk+i — QA}^ d(rAfc)(5G — (3(.Afe+i)$fc^ 

A4Z/cZ/c+i(yi/c) exp ^ — -||d.Afc|p — Sk^Aki.^k, (l>k{Ak)) — Vk(4>k{Ak)) + Ek{Ak,4>k{Ak))^ 


(292) 


We translate to the minimum of Sk[Ak) on the surface QAk = Ak+i^rAk = 0 as before. Write 
Ak = H^Ak+i + Z and integrate over Z instead of Ak- Then Ak = Ti-kAk becomes .Afc+i + Zk where 


.dfc+i = 'HkHkAk+i Zk = 'HkZ 


(293) 
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This is the ^fc+i that appears in (12751) and in (I278p . Next we use = 'Hk + dDk and the scaled 
version + dD^ to change from the axial gauge to the Landau gauge. Using also (11591) we 

obtain 


Ak+i =H.kH^Ak+i 

='HlHlAk+i - dDkHlAk+i 

=T-Clfl^Ak+i - dDkHlAk+i (294) 

=nl+^Ak+i - d{DkHl - Dl^^)Ak+i 
=^°+i - duj 

where the last line defines w = uj{Ak+i)- As in section W?I\ ^11 dAh \\^ become + \(^Z, AkZ^ 

and since Zk{A) is gauge invariant we have 

Pk+i{Ak+i,^k+i) = A4Zfeexp J D^k DZexp - ^(^Z, AkZ^'^S{QZ) 5 {tZ) 

Xk Xk ~ Q{Ak^i — dui)^k^Zk+i{Af._^i Zk) 

exp ^ — Sk^jiO^^^^Zk-duj{^k, (t>k{A^k+i + Zk — 

exp ^ - Vk(^^k{Al^i +Zk- duj)^ + Ek(Al^i + Zk - + Zk - du)'j'j 

(295) 

As in section |4?^ we replace Z by CZ and identify (Z{.)~^S(QZ) 5{tZ) exp ^ — \ (^Z, AkZ^'^ as the 

Gaussian measure dpCkiZ). We now understand Zk as Zk = T-LkCZ. 

If the restriction of w to the unit lattice then by (1551) 

(^k{A - duj) ^'Hk{A - doj)<^>k = (296) 

We also change variables by —>■ This is a rotation so the Jacobian is one. Then 

(j^kiA — duj) becomes (j)k{A) and 

= Sk,A[^k+i,M-^)) (297) 

The ui also disappears from the gauge invariant Vk,Ek. 

We also note that by (l24)) 

JG($fc+i - Q{Al+^ - = JG($fc+i - (298) 

where is the restriction of uj to T]y_^. We replace $^+1 by $^+1 so the phase factor here 

disappears as well. 

Similar considerations show that the bounds enforced by the characteristic function Xk are now 
\d(A^_^i + Zk)\ < Pk I'hfc — Qk(A^j^i + Zk)(t>k{A^j^i + Zk)\ < Pk 

l^•Afc+l+.2:fc'5^fe(A/J_|_l + 2^fe)| ^ Pk \4’k{Ai._^i + Zk)\ ^^k^Pk 

From the representation p35ll we have 

CkiAk+i)-- = CkiAl^, - dto)^ = 


(299) 


(300) 
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(301) 


The same holds for Ck{Ak+i) = and with the phase shifts on we now have 

Xk = Xk{Ck{Al^,)-"H<^k - Hk{Al+,)^k+i)) Xk{c;^z) 

With these changes: 

Pfc+i(Afe+i,e«^'=‘"‘''$fe+i)=A4ZfeZ{exp(-i||dyi°+if) J d^icdZ) D<^>k 

Xk Xk '^G^'hfe+l — Q{Al+,)<i>k)Zk+i(Al+, + Zk) exp ( - Sk,jio^^+z, {<i>k,MAl+, + Zk))) (302) 

exp i^ — Vk (^k(A^_^i + 2^fc)^ + Ek + Zk, (|)kiA^_^_l + Zk)^ 

Next we separate out leading terms in an expansion in the fluctuation field Zk- First for general 
Z on T-^_^ define 

SMA, Z, $fe) = MA + Z, $fe) - ct>k{A, $fc) (303) 

Then in (12951) we can make the replacement (^fc(-^fc+i + Zk) = 4>k{Ak^i) + S(j)k{A^_^_-^^, Zk). Next define 

by 

Vk{<p + sma, z)) =Vk{cl}) + eI^\a, z, 0, $fe) 

Ek{A + Z,(^ + SMA,Z)) =EkiA,(^) + E^^\A,Z,(^,<S>k) (304) 

Zk+i {A + Z) =Zk+i (^) exp(4^) {A, Z)) 

We want to do the same thing with Sk^ji 0 ^^^j^Zk{^k,(t>k{A^j^^) + 5(()k{A^j^^, Zk'^ ■ But first we 
express in terms of (j)k{A^k+i)- identity 

<^k = Tk{A)(j>k{A) (305) 

where 

Tk{A)=al^Qk{A){^-^A+akQl{A)Qk{A)') = al^Qk{A){-^A) + Qk{A) (306) 

Use this in place of 4*^ and then 

Sk,A+z{^k, 4‘k{A + Z)) = S'k jij^z. {cj>k{A + Z)) (307) 

where 

S'kA<l>) = ^\m{A) - Qk{A))<j>f + \\\dAct>f (308) 

Now define eA) by 

Sk,A+zi^ + ^MA,Z)) = 5;,^(</)) + U«(^,Z, $,) (309) 

Now we have with E{A, Z, (j), 4>fc) = Z, (f), ^k) 

Pfc+i(Afe+i,e«^''“‘'’$fe+i) =A4ZfcZ/Zfe(^o+i)exp(- i||dA°+i||2) J d^^iZ) D<^k 

Xk Xk SG{^k+i - Q«+i)$fc) exp ( - S'^ j,oJMAI+,)) - VkiMAU,))) (310) 

®xp ^Ek {^k+i^ (l>k{A^k+l)'^ + ^k fe+lJ Zk, 4>k{A^_^i) , 
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6.2.3 first localization 

We want to localize the terms contributing to Ek{-A, 2, ifi, $fe). These will be treated in the region 

A,^G^nk \Z\,\dZl\\6^dZ\\^<X^^ (311) 

1 

Since < A| the bounds on Z imply 

\Z\,\dZ\,\\5o,dZ\\^ < (312) 

Note that the characteristic function Xki^k ^ enforces that ^ Z\ < po,fe- Since |C^/| < CH/Hoo 
by (|194l) it follows that \Z\ < Cpo,k- Then by the bounds (|189l) on Tik the fluctuation field Zk = 'HkCZ 
satisfies \Zk\ < Cpo^k < A^'^ and similarly for the derivative. Thus Zk qualifies for the domain (13111) . 
We already know (j)k{A^_^_i) qualify. 

In lemma EOl below we show that on the domain (13111) {A + Z,(j) + S(j)k) G E-k- Therefore the 
E^\a, Z, (j), $fc) as given by (13041) . (13091) are well-defined on this domain. 

First some preliminary results: 

Lemma 18. In the region i311\) 


|(5(/)fc|, \dA5(i3k\, \5a,AdA5(t>k\ < A^ 


(313) 


Proof. If yi G TZk then by the bounds (II26I) on 'Hk{A) 

\MA,<I>k)\ < C\\<^k\\oo < 


(314) 


We write for r > 1 

S(l)k{A,Z,^k) = (j^kiAl-Z,^k) - 4’k{A,^k) =-^ [ 4>k{A + tZ,^k) (315) 

Sttz tit - 1) 

If we take |t| = then \tZ\ < with the same bound for the derivatives. 

Hence A + tZGlZk and we can use (|314p to get the bound 

\SMA,Z,^k)\ < eI-'^(CA-^-"^) < aJ-'^ (316) 

The derivatives have the same bound. 

Remark. We will also need a version in which the coupling is weakened. In (l)k{A + Z),(l)k{A) 
replace Gk{A + Z),Gk{A) by weakened versions Gk{s,A + Z), Gk{s,A) . This gives weakened fields 
(pk(s,A + Z),(j)kis,A) depending on s = {sn}, and hence a weakened S(j)k{s) = 6(pk{s,A,Z,^k)- 
All the above analysis holds and we still have the same bounds on (5(/)fc(s) even for sq complex and 
satisfying |sn| < M^. 

Lemma 19. For |/m A\, \Im Z\ < 

\{,dA+z - dA)f \ <efc||Z||oo||/||oo 

\\{5o:,a+z - <5a.yi)/||oo <efc||Z||oo||/||oo (317) 

IKMWoo <\\dAf\\oo 
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Proof. The first follows from 


(dA+zMx) - idA,f.)f)ix) = + rje^) 


and the bound 


, pqe-kriZk^{x) _ 1 , 

= - - - )/ 


< efcllZl 


oo L/ oo 


(This is essentially (IMl) again.) The second follows from 


/ pq^kZ(Ta;y) _ 1 s 

{5a,A+zf){x,y) - {dc,Af){x,y)) = — — jf{y) 


and the bound for d{x, y) < 1 


l(' 


^qekZ(r^y) _ 


d{x,yy 


1)/| < efcd(x,?/)||Z||oo||/||oo < d{x,y)°^ek\\Z\\ 


00||^ IICXD 


The last follows from the representation 

^qe^Mr.y)j(^y^ _ J( 2 .) ^ f • dz 

Jr(x,v) 


which yields the bound for d{x, y) < 1 

|e’^'=^(r-)/(y) - f{x)\ < d{x,y)\\dAf\\oo < d{x,yr\\dAf\U 


Lemma 20. In the region \311\) and for |f| < 12 +®*^ y^g have 

+ tZ, (j) + G TZk 


(318) 

(319) 

(320) 

(321) 

(322) 

(323) 

(324) 


Proof. Let (ft = (l> + tScfk ■ By lemma [T8l 

\td(fk\, \tdAS(j)k\, \tSa,AdAS(fk\ < = Afe ® (325) 

Hence {A,tS(j)k) € jTZk and it follows that {A, (ft) G jTZk- 

The lemma claim that (Al + tZ, (ft) G TZk- For the A conditions it suffices to show that tZ G \'R-k- 

Since |t| < e^, this follows from 

\tZ\,\tdZ\, \t5o,dZ\ < (326) 

For the (f conditions we already have \(ft\ < *^. For the derivatives use pi7l) and \tZ\ < 

Afe to estimate 


\dA+tz<ft\ <\dA(ft\ + \idA+tz - dA)(ft\ 




_^_ £ 

ekX.^^ X " 


<|Ay-" + Ay«‘<A 


k 

-i-2e 


(327) 


41 









Finally we estimate the Holder derivative 


Sa,A+tzdA+tz4>t ={Sa,A+tZ — Sa,A)dA+tz4>t 

+ Sa,A{dA+tZ — dA)4’t + Sa,AdA'Pt 


(328) 


We know the last term is bounded by |Aj, ® For the first term we use the bounds (13171) and (13271) 


to obtain 


\{^a,A+tZ — Sa^A)dA+tZ(l}t\ < CfeAj 


^+4e _i_2e 1 -1- 


For the second term in (|328p we use the bound from (I317p 

\\5a,A{dA+tZ — ||oo <\\dA{dA+tZ — dA)(t>t\\oc 

We write + rje^) = r]dA,v(t>t{x) + and then (13181) says 

[dA+tz,!^ - dA,v)4>t =Fy(tZ){r]dA,v4>t + 

Then by (1501) 

{dAA{^A+tz,v - dA,v)(j}?j{x) = (^F^(tZ)j {x + rief,)(^r]{dAAdA,i^^t)ix) + (dA^Mix)^ 

+ (d^,Fi,{tZ)^{x)(^ri{dAA(l^t){x) + (jjtix)^ 


(329) 


(330) 


(331) 


(332) 


Note that rjldA^fl — ^i^)\\f\\oc- Using this and {A,(j}t) S TZk and bounds like (|96|) and (jlOip on 
F^itZ) we have 


\\dA{dA+tz - dA)(t>t\\oo <0(l)efe(^||f^||oo||i9yi())t|| 

<o(i)aJ(a 


, \-A+4e>-z-e 

k '^k F Af, A^ 


p9Z||oo||(/>t||oo) 

) 


1\-5-^ 


(333) 


This is the bound on the second term in (|328p . Combined with the bounds on the other two terms it 

-i-e 

gives the required \5a,A+tzdA+tz(l^t\ < K"" ■ 

Lemma 21. has a local expansion = '^x ^k^^ where El}\x,A,Z,(l),^k) depends on 

these fields only in X, is analytic in \311\) and satisfies there 


Ei^^(^X,A,Z,fi,^k) 




(334) 


Proof. First split up 5'(, into M-cubes □ by 

S'k,Ai^) = Y.S',^A(a,fi) SU^A) = Y^^TkiA) - QkiA)Wa + (335) 

□ 

In ||9yi(^||Q ^ the star indicates that terms \{dAfi){x,x')\ for bonds {x,x') which cross M-cubes □ have 
been divided between the two cubes. Then S'), depends on if at sites which neighbor □ but 

are not in □. Hence we regard 5'(, ^^(n, fi) as localized in the 3M-cube □ centered on □. We define 

S*j,ia^) = SlAia,fi) (336) 
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Then the field is strictly localized in □ and we have 

Sk,AW=J2s*ja^) (337) 

□ 

There is a corresponding split where 

=s*j,+2{a,^ + 6MAz,<^k)) - (338) 

In appendix [C] we establish that 

\{TkiA) - Qk{AM = a^^\QkiA)AA^\ < CWdA^oo (339) 

_ X _2e 

For Ajcj) G TZk we have |9yi^| < ® and so 

\S*j,{a 0)1 < (340) 

According to lemma [20] in 0 + td0fe(A,Z, $?;)) we can take |t| < and stay in the 

analyticity region TZk- Hence for r = A^ 5/i2+5e have the representation 

aW (□, A, z, 0, $,) ^ + tSMA z, $,)) (341) 

and the bound (13401) yields 

\Ei^^(a,A,Z,cj),<^k)\< 0(l)Afe/^"“®^A“^”®' < (342) 


Since dM(0) — 0(1) we can insert a factor e ^ Hence the result with E^}'^ (A) = E^}'^ (□) 

if A = □ and zero otherwise. 


Lemma 22. E^\e^'^ have local expansions e]^'^ = 'Yhx ^k\^) where E^\x,A,Z,(l),^k) depends 
on these fields only in X , is analytie in iSlll) and satisfies there 




EpIX.A.ZAAi 


<0(1)A^^ ioe^_(K-K(,-i)dM(2s:) 


(343) 


Proof. The potential has the local decomposition 14(0) = Sn^fc(l^i0) M-cubes □. Then 
F;(2)(n) = Vk{u, <t> + 5fik)- Vk{u, fi) can be written 


A(2)(n,A,Z,0,$fe) 


27rz 


dt 


,|j|^^-5/12 + 5e t{t-l) 


14 (p, 4> + tSfikiA, Z, $fc)^ 


(344) 


Here the circle |t| = is chosen so inside the circle 0 + tSfik S TZk by lemma EOl On TZk we 

have the bound (e^ is irrelevant here) 

|yfe(n,0)| < M^[p.k{Xl^~yEXk{Xl^-p) < M^Xp^ < xp^ (345) 

and this implies 

\EP{a)\ < 0{l)Xp^-^^Xp^ < (346) 
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The term E) ' inherits an expansion in X from Ek and we have 




dt 


^_^-5/12 + 5€ t{t — 1) 


Ek(^X,A + tZ,(j) + t6MA2,^k)) (347) 


where again [A + tZ, (j) + tSipk) G TZk by lemma [20l Then the bound \Ek{X,A, (())| < e on TZk 

now implies that 

\eI^\x)\ < (348) 

We are not finished because E^'^\X), E^'^\X) depends on fields outside of X through 54>k- Consider 
E^^\X). We replace d(j)k by S(j)k{s) in the above formula and define E^^'> (s, X) (see remark after lemma 
[HI). This still satisfies the bound p48|) . Now in each variable Sn we interpolate between sn = 1 and 
sn = 0 by ^ 

/(«□ = 1) =/(sq = 0) + f dsa-^^ (349) 

Jo 

This yields 

(^)= E W,Y) 

7"" 0 

Ek{X,Y-,A,Z,cl),^k)= J dsY-x-g^[Ek{X,A,Z,cl),SMs,A,Z,^k))],^,=o,s^=i 

The latter only only depends on Al, Z, J), 4*^ in Y since there is no coupling through 1"'^. Now we write 


= J2eI^\x) = E E Ek{X,Y) = J2 eI^\y) 


X X YDX 

where the sum is over connected polymers Y and 

XCY 


E^k\Y)= E Ek{X,Y) 


(351) 


(352) 


is strictly local in the fields. 

To estimate the new function E^\y) we argue as follows, see [53] for more details. Since 
6 (l)k{s,A,Z,^k) is analytic in |sq| < Mi we can use a Cauchy bound to estimate the derivatives 
in (13501) . Each derivative contributes a factor M ~2 and M “2 < e“” for M sufficiently large. Hence 
in an estimate on Ek{X,Y) we gain a factor Using also (13481) yields 


|£^fc (1^)1 <e>(l)A^l" g-K|V-X|M-KdM(JC) 

XCV 


(353) 


But one can show that 

\Y-X\M + dM{X)>dMiY) (354) 

Hence one can extract a factor e-('^-'‘o)dM(x) ig^yjj^g factor g-'^oduix) convergence of the 

sum over X. The sum is bounded by 0{1)\Y\m < 0{l){dM{Y) + 1) and so we have 


\E^k\Y)\ < 5'^g-(«-«^o-i)dMW) 


(355) 


which is more than enough. The construction of E^\y) follows the same steps. 
Lemma 23. In the region h311\) we have the local expansion E^'^ = Yx E^\x) 

e \^'^ (x, Al, z) < 


(356) 
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This is the most difficult estimate, and we postpone the proof to section [T] 

Summary: Combining the results of lemmalemmaand lemma E51 we have Ek = Thx 
where Ek{X) = e'^\x) + • • • + E^^\x) has fields strictly localized in X and satisfies on the domain 

mu 

\Ek{X,A,Z,(j3,^k)\ < C>(l)Af (357) 

6.2.4 restoration of dressed fields 

We have some direct dependence on on the unit lattice . We would like to express this in terms 
of the dressed field on the line lattice We again use the identity = Tk{A)4'kiA) 

where Tk{A) is defined in (13061) . Our new definition is 

EkiX,A, Z, ((.) = 4(X, A, Z, (/), TkiA))(l)) (358) 

(same symbol, different variables). Then in (13101) we can make the replacement 

EkiX,Al+,,Zk,MA+i),<^k) = Mx,Al+,,Zk,M<+i)) (359) 

Using the estimate 17^(71) — Qk{A))(l)\ < Clldyi^Hoo from appendix ICl and the estimate \Qk{A)(j)\ < 
Halloo we have 

\Tk{A)cl)\ < C(\m^ + ||ayi</)||oo) (360) 

Hence on the domain (I31ip 

\TkiA)(l>\ < (361) 

Thus we are still in the analyticity domain for Ek{X), and the bound p57l) still holds. 

We are not finished because Ek{X,A,Z,(j)) depends on </) in X through Qk{A)Aji(j). {X = union 
of M blocks touching X). We define 


Ek{Y)= ^ Ek{X) (362) 

Then Ek = J2y ^kO^) strictly local, and 

|u;(y)| < 0(l)Af ^ Ko-i)dM{x) 

X-.X=Y 

But dM{X) < dM{X) + 0{\)\X\m and \X\m < (D{l){dM{X) + 1 ) so there is a constant c = 0(1) such 
that 

cdM{X)<{dM{X) + l) (364) 

We use this to extract a factor 0 (i)e-c(K- 2 Ko-i)dM(i')^ This leaves for convergence of the 

sum which is bounded by 0(l)|y|M < 0{l){dM{Y) + !)• Hence we end with the bound on the domain 
(I31ip (without the condition on $fc) 

|Ufe(r,Al,Z,0)| < ci(i)Ai/i2-i0eg-c(«-2K.o-2)dMW) ^3g5) 
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6.2.5 scalar field translation 


Now in (13101) . with A = we translate to the minimum of 

i < $fc,Afe(.A)$fc >= ^\\<i>k+i - Q{A)<S>kf + 

As in section [23] this is = Hk{A)^k+i and we write 

<i>k = HkiA)^k+i + Z' (^fe(A) = <^2+i(A)+Zfc(A) Zk{A)=nk{A)Z' 
At the minimum we have 

i < HkiA)^k+i,AkiA)HkiA)^k+i > (Afc(^) + ^(Q^Q)(A))Z') 

We know the first term here scales to ^ < $fc+i, Afe+i(A)$fc+i > so it must be 

S°+^,Ai^k+u4+M)) ^ - Qk+iiA^l+,r + IwdA^l+if 

Hence (jSlOp becomes 

Pk+i{Ak+i,e‘>‘^^^'"'^k+i) 

=A4iVfeZfeZ{Z4A°+i)exp ( - - S°^, ,,oJ^k+i,^l+M°k+i))) 

I dpcAZ) DZ' XkXk exp ( - i(z', (Afc(A0+i) + ^(Q^g)(A°+i))^')) 
exp ( - Hfe (fk+Ml+i) + Zk{Al+S) + Ek (aI+,AI+MI+i) + ^fc«+i)) 
“ 1 “ 1 ^ki + Zk{Al^,))) 

Now identify the Gaussian measure by 

dpc,iA){Z') = zi{A)-^ exp ( - (Afe(A) + ^{Q'^Q){A))z'))dZ' 

We also define 

Vk{ct> + Zk{A)) =Vk{4>) + E‘'^\cj), Zk(A)) 

Ek{A,(t> + Zk (A)) =Ek{,A,ct>) + Af) (A, </>, Zfc(A)) 

The eI^\ E^^^ inherit local expansions. Now we have 

Pfe+i(Afc+i,e«^'“-''’<i>fe+i) 

= NkNkZkZU{lMl+M{Al+,) exp(-i||dA°+if 

exp ( - Vk{clPk^Ml+S) + Afc(A°+i,</)°+i(A°+i)))Sfe(A°+i,0O+i(A°+i)) 

Here we have isolated a fluctuation integral 

(ao A 

“fc l-^fe+lJ Yk+iy-^k+l)J 

= J dpcdZ)dpcuK^,)iZ') xJ^'xfeexp (^EliAl+„Zk,^l+,{Al+i),Zk{Al+^)) 


(366) 

(367) 

(368) 

(369) 


(370) 


(371) 

(372) 

(373) 

(374) 
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where 


~ 1 ~ 1 

We make another change of variables writing Z = C^W and Z' = Ck{-A.)‘^W. Then Zk,Zk{A) 
become Wfc, Wfc(^) where 

Wfe = nkCclw Wk{A) = nk{A)cl iA)W (376) 

The fluctuation integral is then 


5fe(-A°+i,</)0+i(^°+i)) = I df,I{W)d^lI{W)) XfeXfcexp (^El{Al+,,Wk,^l+AA+^),Wk{AU^)) 

(377) 

The characteristic function Xk simplified (as it was designed to do) so that now 

Xk=Xkmx^{W) (378) 

These enforce that \W\, \W\ < po,fc- The bounds (12991) enforced by characteristic function Xk are now 
with A = 


\d{A + Wk)\ <Pk 


(i7fe(yi)$fe+i + cl{A)w) - QkiA + Wfe)(0g+i(yi + Wfe) + >Vfc(^ + Wk)) 

dA+w, (</>fc+i(-A + Wk) + WkiA + Wk)) 
4'°k+i{A + Wk) + WkiA + Wk) 


<Pk 

<Pk 

<K^pk 


(379) 


6.2.6 estimates 

We first note that for A G TZk 

|c|w|, \Wk\, \dyVk\, \5o.dWk\<c\\wu 

1 (ooUj 

|C^=(.A)W|, \Wk{A)\, \dAWk{A)\, \5c,,AdAWk{A)\<C\\W\\oo 
1 1 

The bounds on (.A) were already established in (11421) . (11941) . The others follows by the bounds 

(UMl), (UMl) onHfc,Hfe(A). 

Lemma 24. LetA,(j) G jTZk and and |lTfc|, |lTfc| < po.fc- Then eI = J2x 'where 

\El(^X,A,Wk,^,Wk{A)^ \ < 


Proof. We have eI{X) = E'^{X) + Ef\x) + Ef\x). The bound on .B^(X, A, Wfc, </) + >Vfe(A)) 
follows from (13651) . For this we need the fact that our assumptions and the bounds (13801) imply that 
(A, W/c, (j) + kVfe(A)) is in the domain (13111) . 

The bounds on E^^\x), E^^\x) are very similar to the bounds on E^\x),E^\x) given in 
lemma [221 For example 

F;f)(x,A,</>,Wfc(A)) = -^^Ek(x,A,et> + tWk{A))) (382) 
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By (13801) we have for such t 


\tWkiA)\, \tdjiWk{A)\, \tSa^,AdAmiA)\ < Cpo,kXj < " (383) 

and so [A.tWkiA)) G ^'R-k and we are in the analyticity region for Ek{X). Together with \Ek{X)\ < 
^-KdM{x) gjygg |;j^g bound 

\E^^^(^X,A,cj),Wk{A))\ < 0(l)Afe-«‘'“W (334) 

which is sufficient. The bound on E^^\X) is a little weaker, but still sufficient. 


6.2.7 adjustments 

We make two adjustments. The first is to reblock from polymers X which are unions of M blocks to 
polymers Y which are unions of LM blocks. We have as in section [531 

El ^Y.El{X) ^Y.^eI{Y) ^ BEl (385) 

X Y 


Then for Al,(^ G ^Ti-k and |W|, |W| < po.fe 


BE, 


.(Y,A,Wk,(t>,Wk{A)M <0(1)L3a/^ 10^g-L(c,c-3«:o-3)dz,M(F) 


We do the same to the leading term Ek, introducing BEk 


(386) 


The second adjustment involves the characteristic function Xk which enforces the conditions (I379|) .. 
The next lemma shows that if we assume (^fc+i, ‘hfe+i) are in as defined in ([2901) and if |W|, |1T| < 
Po.fc as enforced by (13781) . then we can drop this characteristic function entirely, a key simplification. 

Lemma 25. If (A^+i, <i)fe+i) G and |1T|, |W| < po,fe then the bounds {319^ are satisfied and 

hence Xfc = 1. 


Proof. For the gauge field it suffices to show separately that < ipfe and |c?yVfe| < \pk- The 

first follows by (12891) and Pk+i < Pk- For the second we have by (13801) \d'Wk\ < Cpo^k- But for Xk 
sufficiently small po,k/Pk = (— log Xkfi°~^ is as small as we like since po < P- Hence the result. 

It remains to show that the scalar bounds in ()379l) are satisfied. The bounds with all the VF’s gone 
and with a factor of ^ follow more or less directly from from the assumption {Ak+i, d)fe_|_i) G just 
as for the gauge field. Thus it suffices to show that the difference between the expression with and 
without the W’s satisfy the indicated bounds with a factor i. We have for example 

(387) 

To justify this representation we need control over dAHk+iiA) for A = A^^-^ + tWk and |t| < 

Since 9yi7I°_|_i(Al)/ = ^9yi^_i'Hfc+i(yii-i)/i-i^ we need A^-i G 'R-k+i and it suffices that 
•^fc+i L-i ^ and tWk^L-^ G i7?.fe+i. We already know the former. The latter follows by 

\tWk,L-A,\tdWk,L-A,\t5c.dWk,L-A < e^^+^^Cpo,k < ^ (388) 
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Thus we are in the region of analyticity for and so Then (yi)/| < 

Cll/lloo and 

\dj,(g+M)\ < C^ll'ffc+illoo < Cpfc+iA“+\ (389) 


and then (|387l) gives 

Similarly + Wfc € TZk and so 


< fife 


l-4e 


((^Pk+l'^k+l) — ^Pfe+l^fe+1 — 2^^ 


(390) 


Wfe(yi^i + Wfe)| < Cpo,k < ^Pk (391) 

This completes the bound for the derivative term in (13791) 

The bounds on the other terms in ()379p are similar. Note in particular that G TZk and so 

|C'^(-A°_|_i)fT| < Cpo.fe < \pk by (I380p . This completes the proof 


6.2.8 second localization 

With the characteristic function gone the fluctuation integral is (/)°_|_^(Al2+i)^ where now for 

any A,(j)€ \Tlk 


lk{A,cj4)= f dpiiWk)dpi{Wk)) Xk {}3El(A,Wk,^,miA))) 


(392) 


As explained in section 1?^ the Green’s functions Gk, Gk{A) have random walk expansions based on 
M-cubes for M sufficiently large. We use these expansions but now based on LM cubes. With them 
we define weakened Green’s functions Gk{s),Gk{s,A) and so minimizers 'Hk{s),'Hk{s,A) . Similarly 
we weaken G^ ,G^ (A) to G^ {s'),G^ (s,A), now based on the random walk expansions of (I141|) 
and lemma m with LM-cubes. Then define instead of ()376p 

Wfe(s) = lHk{s)GCl'\s)W Wk{s,A) = Tikis,A)Gl^^is,A)W 


(393) 


The term A, >Vfc,>Vfe(A)^ is local in (A, Wfc, </), >Vfe(A)), but not in W,W To remedy this 

eeI(v) = J^b4(v,z) 


we write 


ZDV 


BeI(^Y,Z;A,W,c/>,W)^ = J dsz-Yg^ (f, A, Wfc(s), Wfc(s, A)) 


. S2C=0,Sy = l 


Now we write 


_ jTiloc 

k 


BEl = ^ BE^iY) Z) = J2 Ei°%Z) = A, 

y y ZDY z 

where the sum is over LM-polymers Z and 


Ei°%Z)= BE\Y,Z) 


(394) 


(395) 


(396) 


YCZ 


is strictly local (A, W, (j), W). 

Now SA^^F,A,(/), Wfc(s), Wfc(s,A)^ has a bound of the form ()386ll even for |sn| < , and one 

can use Cauchy bounds in sn to prove the following (see for example lemma 19 in [24] for details). 
Lemma 26. For A, </> G ^7?.fc and |1T|, |1T| < po^k 

|A[°^(X,A, 1 T,(/), W)| < c>(l)yAi/i 2 -ioeg-i(c«- 4 ^co- 4 )diM(x) ^ 397 ) 
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6.2.9 cluster expansion 

The fluctuation integral is now 


(yi,<^)= f e^p(^Y.^k%Y,A,W,(|,,W))xkmxk{W)d^^IiW)d^lIiW) (398) 

J Y 


We normalized the measure introducing 

Xk{W)diJ.i{W) 


d^il{W) = 


dA{W) = 


XkiW)dfii{W) 


So now 


JXk{W)dfii{W) ^ J Xk{W)dfii{W) 

The normalization factors contribute exp(—e°Vol(T)(,_j,)) where | 

Ek {A,^)= exp ( - Vol(n_,)) S', (^1,0) 

S',(.A,0) = [ exp(^4-(r,yL,^^,0,Vb))dM:(W)d/i^(W) 

J Y 

The cluster expansion gives this a local structure. As in [24] using the bound (I397|) we have 


(399) 


(400) 


Lemma 27. (cluster expansion) For A, (j) £ ^Ti-k 


-fe(-A,(?i') = exp E*{Y,A, 

Y 

where the sum is over LM polymers Y and 

\E*{Y,A,(j))\ < C)(l)L3;)^l/12-10eg-L(c«-7«o-7)diM(Y) 


(401) 


(402) 


It is straightforward to check that the construction of Ef {Y,A,(j)) preserves all the symmetries. 
Now (I373|) becomes 

Pfe+i(A,+i,e^^'“‘"‘'’<l>fc+i)=A4lV,Z,Z{+,Z,(A°+i)Z{(A°+i) 
exp ( - - S'°+i_^o^^($fe+i,(/)?+i(A^+i))) 

exp ( - Vk{<)t+Mt+i)) - 4Vo1(T0_,) ^ be,(aIyy ^l+iiA+i)) + E* (aI+y 

(403) 


6.2.10 scaling 

Define a scaled phase shift 9 = 9[Ak+i) on by 


e{Ak+i) = (uj^^\Ak+i,L)) (404) 

Then 

Pfe+i(Afc+i,e«'='=+^®$fe+i) (405) 

and so we make the substitutions A,+i —>• Ak+i,L and $,+i —>• ^k+i,L in (I403p . With this substitution 
A%j^i becomes Ak+i,L and we identify by (|7(I)) . (I159p 


(z,z{+iL^(^^-'’"-'=-i)-5(*^-^^-'=-i))(A4iVfcZ,(Afe+i,L)Z{(Afc+i.L)L*^-""-'=-i) 

= A4+iZfc+iZfc+i(Afe+i) 


(406) 
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We also have that becomes {(j)k+i{Ak+i))L, and becomes ||9yifc+i|p, and 

‘^fc+i,yio^i(^fc+i’''^°+i(-^fc+i)) becomes Sk+i^A^^^i'^k+iAk+ii.Ak+i))- We have also e2Vol(TAr_fe) = 
L^e°Vol(T 7 v-/c-i)- The potential Vfc((/)°_|_;^(yi°_|_^)) becomes 

T^efcVol(TAr_fe_i) +-L^^/c||(/)fc+i(yifc+i)|p +-LAfe J (^(j)k+i{Ak+i)^ (407) 

The function BEk becomes BEk(yik+i,L, {(t>k+i{Ak+i))i}j = {BEk)L-^{Ak+i,(t>k+i{Ak+i))- Then we 
have BEk^L-'^ = '^x^^k,L-^{X) where BEk^L-'^{X,A,(j)) = BEk{LX,AL,4’L)- Since Ek is normal¬ 
ized for small polymers we have by lemma fTHl 

\\iBEk)L-4k+i,. < Oil)L-4Ek\\k,. (408) 

Similarly becomes ilf (((ife+i(Alfe+i))^^ = (Al^, (/)fc+i(Alfc+i)). Then we have that 

= ExE^l-^X) where E*^_4X,A,^) = E*{LX,Al,c^l). If G TZk+i then Al,^l G 
^TZk and so we can use the bound (I402p . Since dLM{LX) = dM{X) this gives 

\E*^^4X,A,cl))\ < C)(l)L3yl/12-10eg-L(c«-7«.o-r)dM(X) 

But for L sufficiently large L{ck — 7kq — 7) > k, so the decay factor can be taken as Then 

the bound is 

IU+1,. < (410) 

Altogether then 
Pk+iiAk+i, 

= A4-i-iZ/c+iZfe+i(Afc+i) exp ^ — — \\dAk+i |P — Sk+i,Ak+i (d^fe-i-i j 4>k+i{Ak+i))^ 

/ 1 1 7 / \ 

exp - L^(£fe -be°)Vol(TN_fc_i) - -L^//fe||(()fe+i(Afc+i)p - -Afe+i J i^(l>k+i{Ak+i)j j 

exp ^(i3i?fc)j^-i (()fc-i-i(Afc+i)^ + (Afc+i)^^ 

6.2.11 completion of the proof 

Neither {BEk)^-^ nor are normalized for small polymers, and we need this feature to complete 

the proof. We remove energy and mass terms to normalize them. 

We have by (12651) 

{BEk)L-4A.4) = -{CiEk)Xo\{Tx-k-i) - \{C2Ek)U4 + {CM{A,<I^) (412) 

where 

CiEk =e({BEk)L-^) 

B2Ek =p[{BEk)L-'^ (413) 

C^Ek =n({BEk)L-^) 

By (IMZl) and (0081) \LiEk\ < 0{l)L-4Ek\\k,. and \L 2 Ek\ < L-^EkU,.- By ^ and 

(I408P \\C 3 Ek\\k+i,K < 0{\)L~^\\Ek\\k,K- These are the required bounds. 
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We also apply (j265l) to but now tack on the extra term e° We have 


-iVfeVol(T^_fc_i) = -4Vol(T^_fe_i) - ^^,lm\+E;iA,^) 


"k,L 

-3^0 


( 414 ) 


where 

=E^£k + ) 

fil=fk{E*^) (415) 

K =nE*L-^) 

By (IMl) and gJO]) |£^| < and l^i^l < 0{l)L^xf~''" < Af By ^ 

and (|410l) ||i?J||fe+i_K < 0{1)L‘^~'^XI^ < A^ These are the required bounds. 

Insert these expansions into (14111) and define as in (128311 

£k+i =L^£k + EiEk + £fc(/ifc, Ek) 

^J■k+l =L^^k + E2Ek + /ifc(/ife, Ek) (416) 

Ek+i =Cs,Ek + E'^{fik,Ek) 

This gives the final form 

Pfc+i(^fe+i, e‘^®''+i^$fe+i) =Zk+iZk+i{Ak+i) exp ^ — -WdAk+iW"^ — Sk+i,Au+i{^k+i,4>k+i{Ak+i))^ 

exp ^ — Vk+i{4>k+i{Ak+i)) + iilfe+i(Alfc+i, (()k+i{Ak+i))^ 

(417) 

where 

^fe+i(</*) = £fc+iVol(T|\i_fc_i) +||())||^ +—Afe+i J |(/)|^ (418) 

This completes the proof of theorem [1] except for lemma [531 


7 Normalization factor 


In this section we prove the missing lemma [531 We need to understand how the normalization factor 
Zk{A) changes under a change in A. This is somewhat involved since Zk{A) is nonlocal and we need 
to express the answer in a local form. In particular we want to write 


Zk{A + Z) 
Zk{A) 


= ey£p{E^{A,Z)) 


with E^{A,Z) = E^^'>{A,Z) given as a sum of local pieces. 

There are two ways to approach this. On the one hand from 


(419) 


we have 


Zk {A + Z) 
Zk{A) 


det Gk{A + Z) 


det Gk (Al) 


On the other hand we have from the recursion relation dZOl) 


(420) 


Zk{AAZ) 

Zk{A) 


fc-i 

n 

3=0 


det Gj {A ifc-i + Zj^k-j ) 


det Gj{Akk-j) 


(421) 
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In the first representation we are working only on the fine lattice and have to deal with explicit 

ultraviolet divergences. In the second case we have a product over unit lattice operators on with 

gauge fields on followed by scalings down to In this case we have no explicit ultraviolet 

divergences but have to carefully track the scaling behavior. Either approach should work in principle. 
We prefer to take the second approach which is more in tune with the rest of the paper. However at 
one point we have to revert to the first approach to make the argument. 


7.1 single scale 

We need estimates on Ck{-A) = ^Afc(yi) + aL~'^{Q^Q){A'^ and on 

Tfe(yi, Z) =Ck{A + z)-i - Ck{A)-^ 

= (Afc(^ + Z) - Afc(^)) + aL-2 ((Q^Q)(yt + Z) - {Q'^Q){A)) 

which is defined to satisfy 

Ck{A + Z)- Ck{A) = CkiA)i:k{A, Z)CkiA + Z) 

These are all unit lattice operators defined on functions on the lattice 

We study these operators for A G ^TZk and Z G ^TZ'i. where TZ'/. is all fields complex valued vector 
fields Z on satisfying 


(422) 

(423) 


|Z| < \dZ\ < \5^dZ\ < 

We have TZ'^. C ei^TZk ■ 

Lemma 28. For A G \'TZk , Z G \TZI^ the matrix elements satisfy 

\[Ck{A)]yy,\<Ce-'^^(y’y'^ 

\[Tk{A,Z)]yy,\<Cel^e-^‘^^y’y'^ 


(424) 


(425) 


Proof. First consider T^. Define 

DkiA) = Qk{A)GkiA)QliA) (426) 

Then since Afc(yi) = Uk — alDk{A) we have 

TkiA, Z) = al (Dk{A + Z) - Dk{A)) + aL-^ {{Q'^Q){A + Z) - {Q^Q){A)) (427) 

For matrix elements we have 


[Dk{.A)\yy. =< 5y,Dk(,A)5y. >=< QI {A)5y, Gk{A)Ql{A)5y. > (428) 

Since supp((5^(.A)(5y) C Ay we have by (II25|) with bounds 

\[Dk{A)]yy.\< Ge-'<'^^y'y''>\\Q^{A)5yh\\Q^{A)5y,h < Ce-^^^y-y'^ (429) 

Also consider [{Q'^Q){A)\yy' =< Q'^{A)5y,Q'^{A)5yi >. This vanishes unless y,y' are in the same 
L-cube and satisfies |[(Q^Q)(-A)]yy'| < 0(1). Next we use the analyticity in the fields to write for 
r > 1 

[Dk(A + Z)]yy^ — [Dk(A)]yyl = ^ ^ ^ ^ [Dk(A + tZ)]yyl (430) 
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Here we can take r = since then tZ G hT^k and we are in the domain of analyticity. Then (j429l) 


yields 

Similarly one shows that 


[Dk{A + Z)]yyl [Dk{A)]y 


< Cefe-^Av,v') 


(431) 


[{Q^Q){A + Z)]yy,-[{Q^Q){A)]yy, 


<Cel 


(432) 


This is a local operator so the decay factor is optional here. The bound on [Tfc(yi, Z)]yy' follows. 
Now consider Ck{A). We have the identity (this is (11361) at a; = 0 ): 


Ck{A) =^k{A) + ai^k{A)Qk{A)Gl+M)Qk {A)kk{A) 
kk{A) =-(/ - {Q^Q){A)) + -^-—{qTq){A) 

Gl+,{A) =( - 

Note that G^j^^{A) scales to Gk+i{A). Just as for Dk{A) we have 

\mA)Gl^,{A)QUA)U\ < Ge-'^Av,v') 

Every other operator in (14331) is local so we have the result. This completes the proof. 


(433) 


(434) 


Here is a variation of these results. As noted in section 15^ we can introduce a local version of the 
Green’s function GkiX,A) so that Gk{A) = Gk{X,A) and the same is true for G^^j(A). Using 
these local Green’s function we define local operators 

Dk{X,A) =QkiA)Gk{X,A)QliA) 

Tk{X,A,Z) =ayDk{X,A + Z) - Dk{X,A)^ + aL-2((Q^Q)(A + Z) - (g^Q)(A))lx (435) 

Gk{X,A) =Ak{A)Ix + alAk{A)Qk{A)Gl+,{X,A)Ql{A)Ak{A) 

Here ^x{x) = 1 if |A|m = 1 and x G X, and is zero otherwise. Summing over X we recover 
Dk{A),Tk{A,Z),Gk{A). Repeat the above proof using \\Gk{X,A)f \\2 < and the 

same for G°_|_]^(X, A). This yields for the matrix elements 

\[Dk{X,A)]yy,\ 

\[Tu{X,A,Z)]yy,\ (436) 
|[Gfc(X,A)],,,,.| 

These quantities vanish unless y,y' G X and only depend on A in X. 


Lemma 29. Let Ck be sufficiently small depending on L,M. For A G ^TZt , Z G ^72.^ we have 


detCkiA + Z)Y 
detGfc(A) 


= exp( ^ E-kiX,A,Z)) 
xeVk 



(437) 


where E'^{X,A,Z) is analytic in A^Z, depends on the fields only in X, satisfies E^{X,Affi) = 0 and 


\E^{X,A,Z)\ < 


(438) 
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Proof. Since Ck{A + Z) = Ck{A) + Ck{A)Tk{A,Z)Ck{A + Z) 

= det (l - Ck{A)Tk{A,Z)y^ 

( ( \\ (439) 

= exp(- Tr \og[l-Ck{A)Tk{A,Z)y 

OO ^ 

= exp (E i Tr (Ck{A)Tk{A,Z)y^ 

n—1 

Now in the sum insert Tk{A,Z) = J2x'^k{X,A,Z) and Ck{A) = J2 y ^k{Y,A). The term 
is then a expressed as a sum over sequences of polymers {Xi,Yi, ... F„). The polymer Xi must 

overlap Yi and hi_i and so the union is connected. We group together terms with the same union and 
get the representation (I437|) with 

1 OO .. 

EiiX,A,Z) = - Tv (TkiX„A,Z)CkiY„ A)-■■TkiXn,A,Z)Ck (r„, yi)) 

(440) 

Here Xi, ... X„, W,..., F„ —7> X means the overlap conditions are satisfied and U Yi) = X. 

The trace is evaluated as 


^ [TkiXi,A,Z)Uy,[Ck{Yi,A)]y,^,--- [Tk{Xr,,A,Z)]^r.yACk{Yr,,A)]y^^, (441) 

xx,yx,...xn,yn 

Bound the [Tfc(W,-7l, Z)]^;.^. and [CkiYi,A)\y^xi+x by (14361) and bound the sums by estimates like 

^ 1 < Vol(X) < M^\X\m < C>(l)M3e"*'^(^) (442) 

xCX 

Thus the trace has an overall factor and dropping the 1/n we have 

OO n 

\E'f,{X,A,Z)\<0{l)Y^ ^ jj-g-(«-i)dM(x,)g-(«-i)dM(y) (443) 

n^l Xi,...Xn,Vi,...,yn-^X 

Now we use 

n 

Y,{dM{Xi) + dM{Yi)) > dM{X) (444) 

to extract a factor e-(«-«o- 2 )dM(x) igg^ying 

OO n 

\E^(X,A,Z)\ < C)(i)e-('‘-«o-2)dMm E E g~(^0 + l)'^M(Xi)g — (K0 + l)dM(^i) 

n^l Xi,...X^,Yi,...,X^^X 

(445) 

We drop the condition that the union is X, retaining only the condition Xi C X, and estimate 
g-(«o + l)<iM(W) <0{l)\Xn\M 

y„nx„5^0 

<0(1) Y < C>(l)|r„_i|M 

x„ny„_i#0 x„ny„_i#0 (446) 


Y <e>(l) Y < C>(1)I^|m < 0(l)e‘^"(^) 

XiCX XiCX 
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The estimate is now 


\E^{X,A,Z)\ < ^(0(1)6^)" < (447) 

n—1 


to finish the proof. 


Remark. Note that E^{X,A,Z) has the symmetries 


E^kiX, -A,-Z) =E]{X,A,Z) 
El{X,AAd\Z) =E]{X,A,Z) 


(448) 


These can be deduced from the gauge covariance and charge conjugation covariance of Tk{X,A,Z) 
and Ck{Y,A), which in turn follows from the same properties for Gk{X,A) and Qk{A). It is not the 
case that E'^{X,A,Z) is gauge invariant in Z. But for the global version we do have 


El{A,Z + dX)=E]{A,Z) (449) 

Indeed the gauge invariance of det Ck{A+Z) implies that the exponentials are equal, hence the identity 
holds for real fields, and hence for all fields. 


7.2 improved single scale 

We want to improve the last bound to show it is small when the fields are small. Let i? = L’' be a 
(variable) multiple of L and let be a partition of i^to MR cubes. Also let be a cube 

centered on □» consisting of Mi?-cubes with 0(1)L on a side, hence consisting of M-cubes with 
C>(l)Li? on a side. 

We define a new domain based on the inequalities 

|A| < \dA\ < (450) 

We define TZk{R) to be all complex-valued A on such that A = A^A Ai where Aq is real and 

in each 0{\)LMR cube is gauge equivalent to some Aq satisfying the bounds (14501) with a factor 
i and Ai is complex and satisfies the bounds (14501) with a factor i. We also define 77.^ (i?) by 

jZj < ^+3'^ \dZ\ < 77-2+2^6):^+^'^ \5c.dZ\ < (451) 

If i? = 1 these are the domains 77./c,77.J. we have been discussing. Eventually large R will be supplied 
by scaling. 

Now define 

EI{A,Z)=EI{A,Z)---^(q-Z,z) (452) 

This inherits a local expansion E'^{A, Z) = E^(A, A, Z) from the expansion for A):(A, A, Z). We 

study E%{A,Z) postponing the treatment of the second derivative term. 

Lemma 30. For A G ^TZk{R) and Z G i72.Jj.(i?) there, is a new localization 

£;^(A,Z)= ^ A^(A,A,Z) (453) 

XG-Dk 

where E^{X,A^Z) is analytic in A,Z, depends on the fields only in X, satisfies A^(A, A, 0) = 0 and 
for a constant c < 1 independent of all parameters 

\El{X,A,Z)\ < C)(l)i?-10/3g|g-c(«-2Ko-4)dM(X) (- 454 ^ 
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Remark. The key point is that the negative exponent 10/3 is greater than d = 3; the specific value 
is not important. 


Proof. Let d be a fixed small positive number, say d = i. If dM{X) > LR^ then 


\El{X,A,Z)\ = 0{l)el 




(455) 


If \t\ < the tZ G i??./ and so 


2 (5Z2 


(X,0;Z,Z) 


1 

27ri 




^E^,{X,0,tZ) 


(456) 


satisfies a stronger bound than (I455|l . Hence E^{X,A,Z) satisfies the bound (j455|) and it qualifies as 
a contribution to E^{X,A, Z). Thus it suffices to consider dM{X) < LR^ which we write as X G S{R) 
The first step is to regroup into terms with greater symmetry. Again let be the M-cubes 
centered on points z in the M-lattice and write 

^ E^,{X,A,Z) = Y, E T^mx,A,Z) (457) 


Let Oz be the group of all lattice symmetries that leave z fixed. Each X D Dz determines another 
polymer which is symmetric around z by taking 


y rX (458) 

reO^ 

This has dMiX^^^) < 0{l)dM{X) < 0{l)LR^. We group together polymers with the same sym- 
metrization and write 

E E^(X,A,Z)=EE E j^mx,A,Z) (459) 

X€S{R) z Y X&S{R),XDa^,Xl''^=Y ' 

Change the order of the outside sums and we get ^kiX) where 

My,A,Z)= E E j^mx,AAZ)\ (460) 

z-.rY=Y for \X^S(R),XZia^,Xl'>^=Y ' ) 


This is zero unless Y is symmetric under some Oz- If tY = Y for r G Oz for some z, then z is 
unique and we have z = z(Y). To see this we claim that |E|z = '^z:>eY ■ Indeed on the one hand 

Sz'GV ~ 1^1-^ invariant under Oz- On the other hand since it can be written as ~ ^ 

changes sign under the reflection r(z' — z) = —(z' — z)- Thus it must be zero. Thus outside sum in 
(I460|) selects z = z(y) and we have 


Ek(Y,A,Z) 


E 

xen(Y) 


-^E^,(X,A,Z) 
I-V \m 


(461) 


where we abbreviate 


n{Y) = {XGVk--XG S{R),X D = Y} 


(462) 


For any unit lattice symmetry id{rY) = rid{Y) and so Ek{Y,A,Z) is still invariant 
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Pick a fixed symmetric V. Since dMiX) — 0{1)LR^ we have \Y\m < 0{1)LR^ < 0{1)LR and so 
Y is contained in some Hence in (14611) we can replace A by A' satisfying the conditions (14501) . 
In each term El.{X,A',Z) contributing to this sum expand around A' — 0, Z — 0 taking account the 
the function is even and that E^{X,A',0) = 0 and that the second derivative in Z is zero. We find 
for r > 1 

r2 'p'c , \ ^ C rif 

In the last term we can take r = R and then for |t| = i? we have that tA\tZ satisfies the TZkX'k 
bounds. Hence we are in the domain of analyticity for E^ {X, A,Z) and the the formula holds. From the 
bound (j438|) on E'^{X,A,Z) we get that the last term in (|463l) is bounded by iJ-4geg-(K-Ko-3)dM(^)_ 
For the first term in (I463p we have the following: 

Lemma 31. Under the assumptions of lemma \3(A (^5‘^E‘^/5A5z'^{X,Q\A'^Z) for X G H(F) can be 

written as a finite sum of terms which either do not contribute to the sum over X in or are 

bounded on the domain (f7?7P by C>(I)i?-io/3ee 


Assuming the lemma, \E^{X,A',Z)\ < and so 

\EkiY)\ < Oil)R-^°/^el E -3)dM{x) (464) 

xcn{Y) 

But one can show that dM^z^X — Xx\dM{X) where \Ox\ = 0{\) is the number of elements in 
Ox- Then with c = we have dM^X) > cdM(A'|^'"). Hence we can extract from the sum 

^-c(K-2K.o-3)dM(Y) leave 

\Ek{Y)\ < C)(I)i?-10/3geg-c(«-2«o-3)dMW) E ^-Kod-Aiix) (465) 

XCY 

The sum over X is bounded by 0{1)\Y\m < and so 

\EkiY)\ < e)(l)i?-10/3g|g-c(«-2«o-4)dMW) ^ 4 gg^ 

This completes the proof of lemma [301 except for lemma |3T] 


Proof, flemma [3T]) Expand A around z = z{Y): 

KX = XX + E(^ “ z)<y{daX)X + z) (467) 

(7 


As before the constant vector field A(,( 0 ) is pure gauge in X and disappears. Thus we have 


5A5Z 


(x,0;A',z) 


r2 joc . . 

X. z{z)^ 

+1^ (X, 0; {--z)- dA'{z),Z - Z{z)) 

r2 pc , ^ 


(468) 


We claim that the first term in (14681) gives zero when summed over X in (I46IF Writing Z{z) = 
Z^{z)e^ and {x — z) ■ dA{z) = ~ ' 9(j,vA,^{z)ei, It suffices to show that for any pL, v, <j the 

following sum vanishes: 


E 

js:en(y) 


1 SXl 
\X\m 5A5Z 




(469) 
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Let r the reflection through the point z, so r{x — z) = —{x — z). Reflection through a unit lattice 
point is a symmetry of the theory so 


8A8Z 


(^,0;/,5) 


bAbZ 


(rX,0;/„5r) 


where (taking account r ^ = r) 


(470) 


{fr)ii{x) =fr{[x, X + ijCfj]) = f{r[x, X + 776^]) = f{[rx, rx - rjCf,]) 
= - fi[rx - r]e^, rx]) = -ff_t{rx - ije^) 


(471) 


Here under reflection goes to —and (x — z)aei, goes to ((a; — z)tj + r]da,^)e^. Since also |rX|M = 
|X|m, (14691) can be written 


- E 

xgn(r) 


1 7 


\rX\M &A&Z 


[rX,0-,i- 



E 

xen{Y) 


1 S^E] 


rX| 


M 


h ^ / \ 

^(rX,0;77e.,e,)d. 


(472) 


However the second term vanishes since we have gauge invariance in the first slot (the A derivative) 
and the constant vector field -qei, is pure gauge. In the first term since r G Ox we have rH(F) = H(H) 
and summing over rX here is the same as the sum over X. Hence the first term is exactly minus (14691) 
and therefore zero. 

For the second term in (|468l) note that since X G S(R) it has a diameter smaller than M\X\m < 
0{1)MLR^. Therefore ior x G X 

\Z{x) - Z{z)\< 0{l)MLR^\\dZ\\oo < 0(l)MLR'5(R-2+2-=e):^+^'^) < ^+3*^ (473) 

Together with similar bounds on the derivatives this gives Z — Z{z) G Also 

l(x-z)- dA'(z)l < 0{l)MLR^\\dA'\\oo < 0{l)MLR\R-‘^+'^e-^+^'^) < (474) 

Together with similar bounds on derivatives this implies that (• — z) • dA G Then by 

the bound (14381) on E^ and a Cauchy bound 


SASZ 



z)-dA(z),Z-Z(z)^ <0(1)R 


-4+2<5+3e 


^e^-(K-Ko-3)dM(X) 


which is more than enough. 

For the third term in (14681) we write 


(475) 


A^(x,z)= J \^dA^{y) - dA„{z)y dy (476) 

where F G G{z,x) is any of the standard paths from z to x. Then 

|A^(a;,z)| < 0{l){MLR^)^+°^\\5a,dA\\oc. < 0{l){MLR^)^+°‘{R-'^-°^+'^^el^+^^) < l^-2-a+25+2eg-i+e 

(477) 

Together with similar bounds on the derivatives this implies that A G Then by a 

Cauchy bound 

r pc y ■. 

I (A, 0; A(-, z), Z) I < ci(i)i?-3-«+25+4eg. -(«-«0-3)dM(x) 

oAo3 V / 

This is sufficient since with a> X and = | and e sufficiently small we have —3 — a + 26 + Ae > — 
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7.3 resummation 

Combining (14211) and (I437p we have 


Zk{A + Z) 
Zk{A) 


k-l 


= exp 


(eI{A, Z)) El{A, Z)=Y, , Zi.-.) 

j=o 


Lemma 32. E^ has the partial local expansion 

.(0;Z,Z)+ ^ El{X,A,Z) 


E^iA 


(479) 


(480) 




where E^{X,A,Z) depends on the fields only inX, is analytic in A G ^TZk and Z G and satisfies 
there 

El{X,A,Z) < C>(l)e^e-''‘^"(^) (481) 


Remark. The term i((5^iJ^/(iZ^)(0; Z, Z) is localized in the next section. 
Proof. In ()479p we insert the representation of Ej{A,Z) from lemma [SO] Since 


k-l r2 




k-l 


d'^E^ 


1=0 


5Z2 

^d^Et 


1=0 


t — S — 0 


. dtds 


(0,tZ + sz) 


^5^ 
J t=s=0 ,5Z2 


(0;Z,Z) 


this gives 


k-l 


1 / \ 

E^,iA,Z) = --^(0-,Z,z)+J2 E 


1^0,I < i(L"-^)-'+^e-^+^ |9yio,L.-.| < i(L'=-^)-2+^e-i+2^ 


1 




fc—J \ — 2 —Q!+2€ — l+3e 


(482) 


(483) 

J=0 X&Vj 

As in lemma [T5l our assumption A G ^TZk implies that in each we have Aj^k-j ^ A^ j^k-j + 

Ai where Ao i^k-j is real and satisfies 


(484) 


and Ai i^k-j is complex and satisfies the same bounds. Therefore Ai^k-j G ^Ej{R) with R = L^~fi 
Similarly our assumption that Zk G ^7?.), implies that Zj^k-j G ^7Zj(R) with R = L^~fi Thus we can 
apply lemma |30] and and obtain (using also ej < ) 


\E^{X,ALk-j,ZLk-i)\ < L-f 


(485) 


Now we reblock. The sum in (I483p is now written in the required form X]ver>fc ^kO^) ’^loere for 
YGVk 


k-l 

El{Y,A,Z) =Y,{B^’'~^^E]){Y,A,Z) 

1=0 

{B^'^-^'>E]){Y,A,Z)= E E;;{X,ALk-i,ZLk-,) 

X<.>=-3'>=L>=-3Y 


(486) 
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Here is the union of all blocks intersecting X. A minimal spanning tree on the 

M blocks in X is also a spanning tree on the M blocks in Therefore McIm^X) > 

Mdi^k-jM{L^~^Y) or just d-M^X) > L'^~^dM(X)- Then the decay factor in (j485l) satisfies 

^-c{K-2Ko-4)dM{X) ^ (c(K.-2K.o-4)-K,o)dM{Y)^-KodM{X) ^ ^-{K,+l)dM(Y) ^-K,odM(X) (487) 

the last since k — j > 1 and for L sufficiently large L{c{k — 2ko — 4) — kq) > k + 1. The sum over X 
in (14861) is estimated by 

g-«odM(x) < o{1)\L'^-^Y\m = (488) 

XdL’^-iY 


Hence we have 

\{B^^-i)E'r){Y,A,Z)\ < (489) 

The factor ensures the convergence of the sum over j and we have the required estimate 

\El{Y,A,Z)\ < C>(l)e^e-'^'^“(^) 


7.4 photon self-energy 

We treat the term ^{5"^E^/5Z'^){Q,Q\Z, Z) omitted until now. The background field is now zero 


so we shorten the notation to Gk = Gfe(O) and Uk{Z) = Uk{0,Z) and E^{Z) = E^{0,Z). Since 
Gk{Z) = Gk + GkUk{Z)Gk{Z) we have 

"^de^G^^ (/- Gfe[/fc(Z))”' = exp ^ Tr (GfeGfe(Z))”) (490) 

n—1 

The function exp(T^^(Z)) is the square root of the last expression so 

Eki2) = 2 E - Tr {{GkUkiZ)r) (491) 

n—1 

The derivative ^{S'^E^/6Z'^){0;Z,Z) is a symmetric quadratic form in .Z. It is called the photon 
self-energy and denoted H^. Thus 

<Z,nfcZ>=i^(0;Z,Z) (492) 

Taking account that Uk{0) = 0 we compute it from (14911) as 

< Z,UkZ >=1 Tr (^(0;Z,Z)Gfe) + ^ Tr (^(0; Z)Gfc^(0; Z)Gfc) (493) 

Now detGfc(Z) is gauge invariant, and it follows that E^{Z) is gauge invariant. So < /i,nfe /2 >= 
^{S‘^E^/SZ^){0; /i, / 2 ) is gauge invariant in either variable. This implies the Ward identity 

< d\, Ukf >= ^ < /, Hfc^A >= 0 or d'^Uk = Ukd = 0 (494) 

Our goal is to prove the following local decomposition (which is not gauge invariant). 
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Lemma 33. 


(495) 


<Z,UuZ>=Y,EI{X,Z) 

X 

where E^{X^Z) only depends on Z in X, is invariant under unit lattice symmetries, and 
\El[X, Z)| < el-^ (||Z|U + ll^^lloo + W 


and so for Z £ 


\E]f{X,Z)\ < 


(496) 

(497) 


7.4.1 estimates 

We collect some estimates we will need. It is now more convenient to use pointwise estimates than 
the local L°° estimates employed earlier. We define on 


, \d{x,y) x^y 

d {x,y) = . 

\L^ x = y 

This is not a true metric since d'{x,x) ^ 0, but it does satisfy the triangle inequality. 

Lemma 34. 

\Gk{x,y)\ <Cd'{x,y)-^e-^'^^-’y^ 

\d^Gk{x,y)\ <Gd'{x,y)-^e-^‘‘^-^y'> 

I {d^Gkd^){x, y )I <Gd'{x, 


(498) 


(499) 


Proof. We start with the representation on (see [T], [53] ) 


fc-i 


Gk{x,y) = J2L'^ 

i=o 


-^Cj{L^-^x,L>^-^y) 


(500) 


where on 


Gj{x,y) = {HjGjHj){x,y) 


(501) 


and Go = Go = (—A + aL ^Q^Q) Now Gkj'Hj, and OHj all have exponential decay and no short 
distance singularity. They satisfy (see Appendix D in [24]; estimates suffice for Co = Cq ) 


\Ckix,y)\, \dMx,y)\, \{d^Ckd^){x,y)\ 


(502) 


Thus we have 


k—1 k 

\Gk{x,y)\ < 

j=o e=i 


(503) 


Now we split into three cases. For x = y we have |G'fc(a:,a;)| < CL^ = Cd{x,x)~^. For 0 < d{x,y) < 1 
we need a bound Cd{x,y)~^. We choose 0 < f* < fc — 1 so that < d{x,y)~^ < U and break 
the sum (I503D into a sum from 1 to £* (empty if £* = 0) and a sum from £* + 1 to A:. The first sum is 
dominated by 

e 

< CU* < Cd{x, y)-^ ( 504 ) 

e=i 
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The second sum is dominated by 


OO OO 

^ E 

OO 

< < CL^* < Cd{x,y)-^ 

i=i 

For (i(x, y) > I we have 


-^L^d{x,y) 


= CY.L‘- 


+3 


f+i 


d(x,y) 


\d{x,y)Gk{x,y)\ < cY,L^d{x,y)e-^^‘^^^’y'> 

e^i 

k k 

< (j'^^Q-^'yL^d{x,y) ^ (J^-ilLd{x,y)'^^^-^L‘ ^ (Jg-'td{x,y) 


t=l 

For the derivatives we argue similarly starting with expressions like 

fc-i 


d^Gk{x,y) = Y,L^^'^-^\d^C,){L^-yx,L^-=y) 

i=o 


This completes the proof. 

Next consider the operator Uk{Z) which we divide as Uk{Z) = Uf.{Z) + U^{Z) where 

U^{Z) =-Az+Ao 

Ul{Z) =ak[{QlQk){Z) - {QlQkm) 


Here are the standard pieces and C/^ are the pieces involving averaging operators Qk- 
To analyze the contribution of C/| to H^ we will need the following 

Lemma 35. 


r T jQ 

(^-^{0;Z)Gk)ix,y)\ <Gek\\Z\\ 
[-^{0;Z,Z)Gk)ix,y) 


<Cel\\Z\\ 


p-'rd(x,y) 

OOC- 

p-'yd(x,y) 

OOC- 


(505) 


(506) 


(507) 


(508) 


(509) 


Proof. Recall that is the unit cube centered on z G '^%-k- The operator {QkQk){Z) is local and 
has the kernel 


{QlQk){Z]x,y) 


exp ^ - qek'n{TkZ){z,x) + qekr]{TkZ){z,y)^ 

0 


ifx,yG A^ 
otherwise 


(510) 


It is analytic and bounded by 0(1) for ||Z||oo < e^, 
for ||2^||oo < and if a: G then by (14991) 


Then the kernel (^{Q^Qk)(Z)Gi^ {x, y) is analytic 


\{QlQk){Z)Gk){x,y)\ <C [ d'{x',y)-^e-^‘^^^'’y^ dx' < (511) 
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See appendix [P] for the integrability of d'{x',y) Then for ||^||oo < 1 we have 


(^(0;2:)Gfe)(x,y) = Ofe(^^^^^(0;Z)Gfe)(x,y) = J '^{{QlQk){tZ)Gk'^{x,y) 


'5{QlQk) 


This leads to the bound for ||-Z||oo < 1 

(^(0;Z)Gfe)(x,j/) 


\t\=e^ 




(512) 


(513) 


This is sufficient since {6U^/6Z){0;Z)Gk){x,y) is linear in Z. The proof for the second derivative is 
similar. 


7.4.2 removal of averaging operators from interaction 

In the expression for < Z,IlkZ > we insert the decomposition Uk = + U^. Let If® be the part 

with only U^. We estimate it first. It is written 


< Z,IllZ >=i Tr (^(0;Z,Z)Gfc) + i Tr (^(0;Z)Gfc^(0;Z)Gfc) 
Taking account that the trace over charge indices gives a factor of 2 this can be written 

'5^Ul 


'5Ul 


5Ul 


<z,nlz >= 




Lemma 36. 


where 


1 r XTT'i XTT^ 

+ - J dxdy (-^(0;Z)Gfe)(x,y)(^(0;Z)Gfc)(?/,x) 

<z,nlz>=J2Elix,z) 

X 

\El{X,Z)\<el-^\\Z\\le-^‘^-^^^ 


(514) 


(515) 


(516) 

(517) 


Proof. The estimates of lemma [35] show that there is no short distance singularity, and that 

I < Z, n|Z > I < (Gc^ I dx + Cel I e-^'^^^^’y^dxdy) ||Z|lL (518) 

This bound is proportional to the volume. 

We need to write < Z, n|Z > as a sum of local pieces, and do it a way that preserves invariance 
under lattice symmetries. This is best accomplished by regarding Z is a function on bonds. We have 

<Z,n«Z>= J Z{b)n‘‘{b,b')Z{b')db db' (519) 

where the integral is over oriented bonds and f f{b)db = /([x,x + rie^\) dx. Alternatively we 

take an extended definition of Z(5), n®(6,5') to all bonds with Z{x,x') = —Z(x',x), etc. Then a 
representation like (I519|) stills holds, but ranging over all bonds and with an extra factor of ^ for 
each integral. In this representation the invariance < Zr,n^Zf. >=< Z,n^Z > under lattice 

symmetries r implies that 

n«(6,6') = n«(r6,r6') (520) 
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Define a modified 


Again let be the unit cube centered on the unit lattice point z G 
characteristic function Xz on all bonds by 

f 1 if 6 C 

if&nA, ^0,6nA^^0 
[o if & n Az = 0 

Then Xz = 1 and (xz)r(fe) = Xz{r~^b) = Xrz{b)- We make the decomposition 

< Z,UIZ >=J2< {xzZ),Ul{x^Z) > 

z,w 


(521) 


(522) 


The characteristic functions are insensitive to orientation, so we can evaluated this with either oriented 
or unoriented bonds. We have < {xrzZr),Ul{xrwZr) >=< {xzZ),Ill{xwZ) > and 


< {x.ziulix^z) >=- 


+- 


dxdy (0; Xz2)Gk^ (x, 2/) (0; XwZ)Gk^ {y, x) 


(523) 


Again we estimate using the bounds of lemma 1551 . Because Uk{Z) and its derivatives are local 
operators the integrals over x,y are restricted to the immediate neighborhood of A^jAy,, denoted 
A*, A^. Thus we have 


< {Xz2),Ul{xwZ) > < (Gel [ dx + Gel [ 

^ JAtnAT.. JAt 


^-2-td(x 


/A*xA* 


'y">dxdy'^\\Z\\ 


(524) 


The first term only contributes when Az,Au, touch and in the second term we use Now we use 
d{x, y) > d{z, w) — 0(1). Hence 


< (xz^),n«(x»Z) > I < 


(525) 


The expansion (152211 localizes the expression, but not yet in polymers since A^ U A^, is generally not 
connected. 

For any unit lattice points z,w let 


Xzw = the smallest polymer containing A* for all x 
in any of the paths r’^(z, w) from z to w 


(526) 


It is roughly the thickened edges of a cube with zw on opposite corners. Then we have the required 
< Z, n^Z >= Ex El{X, Z) where 


El(X,Z)= Y. <iXzZ),Tllix^Z)> (527) 

z,w:X:,^^X 

This satisfies El{rX^Zr) = E^{X^Z) and from (j525p 

|£;«(A,Z)|<Ce2||Z||^ ^ (528) 

z,w:X^^=X 


But MdM{X) < cd{z,w) for some c = 0(1). Hence 2xd{z,w) > 2xc~^MdM{X) > K,dM{X) for M 
sufficiently large. Also the number of points z, w with X^yj = A is bounded by 0(1)M®. Hence for 
sufficiently small 

|F;«(A,Z)| < C'M6e^||Z||^e-'‘'^“W < (529) 
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This completes the proof of the lemma. 

There is also a term one and one oi U^. It has the form 

< >= i Tr (^(0;Z)Gfc^(0;Z)Gfc) (530) 

This has integrable short distanced singularities and can be treated using the estimate just established 
on {6U^/SZ){0; Z)Gk and estimates on {6U^/SZ){0; Z)Gk from the next section. We omit the details. 


7.4.3 an explicit representation 

Now we are reduced to an expression with standard potential but still non-standard propagators. It 
is partially standard. It is 


<z,iilz >=- 


Lemma 37. 

where 

and 


Tr (^(0;Z,Z)Gfe) Tr (^(0; Z)Gfc^(0; Z)Gfc) 

< Z,UlZ >='^ f Zf,{x)nl^^^{x,y)Z^{y) dxdy 


=elGk{x + ye^, X + ye^) - eiyd^Gk{x + ye^,x) 

(a;, y) = - el{df,Gk){x,y + ye^){d^Gk){y,x + ye^) 

+ el{d^Gkdl){x, y)Gk{y + ye^,x + ye^) 


Remark. Note that II^’^°\a;) =0{y and 

\^tnl^x,y)\ < Geld'{x,y)-^e-^'^^G,v) 
There is a linear ultraviolet divergence which must be canceled. 


(531) 

(532) 

(533) 


(534) 


(535) 


Proof. Define an operator by 


f){x) = {dtz,k.f){x) qekZf,{x)f{x + yef,) 


(536) 


Then 


< 


f,^j^iO;Z)f >= j^[< f,U^itZ)f 


> 


J t=o 


_d - 
dt - 


< dtzf, dtzf > ] = E < d^f> + < d^f, Z^f > 


(537) 


which is equivalent to the operator identity 

6U, 


'' k 

6Z 


(0;Z) = ^ZWT5^ + 9JZ« 


(538) 
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Also define 


Then 


^2 r 


i2j^^f)ix) = -^[{dtz,f^f){x) ^ =-elT]{Zf,{x)ff{x + T]ef,) 


J t =0 


A2^s j2 p 

< /, ^(0; Z,Z)/ >=_[</, U^(tZ)f 


> 


J t=o 


dt'^ . 


or 


< dtzf, dtzf > J = 2 ^ > + < d^f, Zj^^f > 

(0; Z, Z) = 2 ^ + ajz(2) 


5Z 


Inserting these in (|531l) we find 

< Z,nPZ >=iE Tr (z(i)-^Z(i)Gfc) +77^ Tr (ajzf Gfc) 

+^E Tr (z(i)’^(a^Gfc)z(i)’^(a.Gfc)) Tr (z(i)-^(a^GfeaJ)z(i)Gfc) 


fiv 


fiiy 


(539) 


(540) 


(541) 


(542) 


fll T 

Evaluating this with (Z)j ' f){x) = —qekZ^{x — rie^)f{x — rjCf^) and gaining an extra factor of two 
from the trace over charge indices gives the result. 


7.4.4 removal of averaging operators from propagators 

Next we change to more standard propagators (which have more symmetry) replacing the propagator 
Gfc = (-A + akQlQk)~^ by G^ = (A + J)“^ This satisfies 

\Glix,y)\ <Oil)d'ix,y)-^e-^‘^<~^’y^ 

\{dGl)ix,y)\ <G(l)d'(x,y)-2e-^"(">^) (543) 

\{dGld^){x,y)\<0{l)d'{x,y)-^e-'^^^^’y^ 

This is probably well-known; nevertheless we include a proof in appendix |e1 


Let be the photon self energy with this replacement. It is given by 
1 


<z,uiz>=- 


Tr (^(0;Z,Z)G^) + J Tr (^(0;Z)G^^(0;Z)G|) (544) 


or by an expression like (15321) with kernel where 

y) = Sf,J{x - y)Iik^°\x) + y) 

and 

nfe;^°^(a;) =elG%{x + ye^,x + ye^) - ely{d^Gl){x + ye^,x) 
K’^illix,y) = - eli9f,Gl)ix,y + ye^)id^Gl)iy,x + ye^) 


Again we have 


+ el{df,Gld^){x, y){Gl){y + ye^, x + ye^,) 
\K’Slix,y)\ < Ge2d'(x,2/)-4e-2'ri<^(-.?/) 


(545) 


(546) 


(547) 
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and still there is an apparent linear ultraviolet divergence. 

Note also that can be obtained directly from Gl{Z) = (—A^: + 1)~^ just as 11^ was obtained 
from GkiZ), namely 


< Z,UIZ >= 


2 (5Z2 


{0-,Z,Z) 


El{0,Z) = ^\og 


det Gl{Z) 

det Gl 


(548) 


Hence just like H^ we have that H^ satisfies the Ward identity 

d'^Ul =0 = 0 


(549) 


For the difference we have the following two results: 

Lemma 38. 

|Gfe(x,y)-G|(cr,y)|< 
\dGk{x,y)-dGl{x,y)\ < Gd(x, 
Proof. For the difference we have 


(550) 


Gk-Gl = Gk{I-akQlQk)Gi (551) 

We focus on the term GkGl; the other term akGuQj.QkG’l is less singular. We have {GkGl){x,y) = 
J Gkix, z)Gl{z,y)dz and so by (I499p and (|543l) 

\{GkGl)ix,y)\ <cj d'ix,z)-^d'iz,y)-h-'^^‘^d-,^)+d'(^,v))^^ (552) 

We can extract a factor here and still have enough decay left for convergence in z at large 

distances. For short distances we have an integrable singularity, for example by a Schwarz inequality. 
Hence the first bound. For the second bound we focus on {dGkG%){x,y) = J dGk{x, z)Gk{z,y)dz 
which has the bound 

\{dGkGl){x,y)\ <C j d\x,z)-H'{z,y)-^e-^^'^d-,^)+d'{^,v))^^ ( 553 ) 


Again we extract a factor and have no long distance problem. If either d'{x,z) or d'{z,y) 

is greater than one we have an integrable singularity and get the result. If both d'(x, z) < 1 and 
d'{z,y) < I then we use from appendix [D] 


and hence the result. 

Lemma 39. 


where 



)<l.d'(y,x)<l 


d'{x,z) ‘^d'{z,y) ^ 


<G(l)d'(x,y)-^ 


<z,uiz>-<z,iiiz>=J2 K {X, Z) 

X 

\EliX,Z)\<el-^\\Z\\le-^‘^-^^^ 


(554) 


(555) 

(556) 


Proof. For the first term in n^’^^^(x,?/) — n^’^^^(x,?/) we use lemma [38] to get estimates like 


Hidf^Gk - d^Gl){x, y + ye^){d^Gl){y, x + 7 ?e^)| < Geld'{x, y) 


-2-e„-7(<i(a:.y) 


(557) 
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which has an integrable singularity. The second term is essentially the same. In (a;, j/) — 

the second term is estimated by 

\elr]{dGkix + r]e^,x) - dGl{x + r 7 e^,a:)| < 0{l)ei'qd'{x + rie^,x)~^ < Celr]^~^ < Cel (558) 

The first term is equally easy. 

To localize we proceed as in the proof of lemma [36l writing 

< [n^ - ^V\Z >= E < K - K]{Xu,Z) > (559) 

z,w 

Then < {xzZ), [11^ — T\’l]{xwZ) > is finite and estimated by 

I < {x.Z), [n^ - lVl]{x^Z) > I < (560) 

Rewriting the expression as a sum over polymers and using Cel < gives the result. 


7.4.5 proof of lemma [33] 

Our standard photon self-energy has the advantage of being invariant under the full lattice 

symmetries, not just symmetries. It can be written in two ways 

< Z,niZ >= j dbdb' Z{b)W^{b,b')Z{b') = E / ^^^2/ Zf,{x)n%^^^{x,y)Z^{y) ( 551 ) 

fJsL/ 

where the integral is over oriented bonds and the kernels are related by 


y) = n|([x, X + ye^], [y, y + ye^]) (562) 

If the first form is extended to all bonds as before then n|( 6 , h') = n^(r5, rh'). This symmetry is more 
complicated in the other notation. For example is r is the complete inversion rx = —x it says 


n- 


v) =nfc ([x, X + ye^], [y, y + ye^'^ = 

=nfc ([-a: - yCf,, -a;], [-y - ye^, -?/]) 


[-a;, -X - ye^], [-y, -y - ye^]^ 
= nfe,^^(-a; - yCf,, -y - ye^) 


(563) 


We break up < Z, n|Z > into pieces. Each piece should be covariant under lattice symmetries 
so at first we work with the representation n®(6, b'). First let 0 be a smooth function on R such that 
0 < 0 < 1 and 0 = 1 on [—i, i] and supp0 C [—|, |]. Let ^ 2 ( 0 , b') be the Euclidean distance between 
b, b'. Then 0 (^ 2 (&, b')) does not depend on orientation and we can make the split 


<Z,nlZ>= j dbdb' Z{b)(l - e{d2{b,b'))'^U'^{b,b')Z{b') 

+ J dbdb' Z{b)eid2ib,b'))U^{b,b')Z{b') 


(564) 


without spoiling covariance. 

In the first term note that (I — 9{d2{b, b')) vanishes unless d 2 {b, b') > ^. Thus there is no ultraviolet 
divergence here. We localize it as 

^ f dbdb' x.ib)Z{b)(l-0(d2{b,b')))u‘^{b,b')xUb')Z{b') (565) 

Z,W 
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By H547I) the summand is bounded by and the sum is bounded by CeUlZH^. As in 

lemma 1551 we write the expression as a sum over polymers and get a contributions to E^(X) bounded 
by which suffices. 

For the second term in (I564p we localize in the b variable only write it as 

[ dbdb' Xz{b)Z{b)e{d2{b,b'))Ul{b,b')Z{b') (566) 

z d 

Since d{d2{b, b')) vanishes for d2{b, b') > i, for each z the term is localized in the threefold enlargement 
A^. Let be the smallest polymer containing A^. Then we get a contribution to E'^{X) of the 
form 

^ f dbdb'x.{b)Z{b)9{d2{b,b'))UUb,b')Z{b') (567) 

z:A^=X d 

The term can also be written 


E 


z:A“=X L 


dxdy Xzi[x, X + rje^])Z^ix)0[d2i[x, x + ryej, [y, y + rye.])) y)Z,{y) 


(568) 


We will show that the bracketed expression is bounded by Cej.{\\Z\\oa + ||9Z||oo + ||^qi 9.Z|P)^. Since X 
contains at most 0(1) M-cubes, the sum over z contributes a factor 0(1)M^. Then using CM'^e^ < 
e^~'^ the expression (15681) is bounded by e^“'^(||Z||oo + ||9Z||oo + ||(5acl2)|p)^ as required. The term 
is invariant under lattice symmetries, but in estimating it we break it up into pieces that are not 
invariant. 

The first step is to replace 9(^d2{[x, x + rye^j, [y, y + rye.])) by 9{d2{x, y)). So for the difference we 
must consider 

E / dxdyXzi[x,x+riefj,])Z^{x)(^9(^d2{[x,x+r]e^],[y,y+rie^])^-9{d2{x,y))^Uli^^{x,y)Z^{y) (569) 

flU 

If d 2 i[x,x + r]efj^], [?/,r/ + rye.]) < ^ and d 2 {x,y) < ^ then 9{d2{\x,x + rie^], [?y,r/ + rye.])) -9{d2{x,y)) = 

S fl') 

1 — 1=0 and the term vanishes. Thus there is no ultraviolet divergence, only contributes, and 

the term can be estimated by (761112)11^ as before. 

So now we consider 

^ f dxdy Xzi[x,x + yefj,])Zfj,{x)9{d2ix,y))Ul^^^{x,y)Z^{y) (570) 

fil' 

We generate three terms in this expression by making the expansion 

Z.(j/) = Z^{x) + ^(y - x)adaZ^{x) + A.(r/, a;) (571) 


The first term is 


We write 


^ / dxdy Xz{[x,x + ye^])Z^{x)9{d2[x,y))ni^^^{x,y)Z^{x) 


ZAx) = - x)<TZa(.x)^ 


(572) 


(573) 
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It is pure gauge and the expression would vanish by the Ward identity were it not for the factor 
9{d2{x,y)). With this factor we get two terms when we integrate by parts in y (see (1501) b They are 



dxdy Xz{[x,x + riefj\)Z^{x)e{d 2 {x, y - ye^)) 





- x)aZ„{x)^ 


-E 

fj.i' 


J dxdy Xz{[x,x+ yef,])Z^{x) 0 {d 2 {x,y))j Ill^^^{x,y)(^'^{y - x)aZ^{x)^ 


(574) 


Since 11^ y) = ^fj,{y,x) the first term does indeed vanish by the Ward identity. For the second 

term we have 

^(c^2(a;,j/))j = 6i'(d2(a;,2/)) d2{x,y^ (575) 

and this is bounded by 0(1). Furthermore 9'{d2{x,y)) keeps x,y separate. There is no ultraviolet 
divergence, only 11^’^^^^ contributes, and the term is again estimated by Ce^|lZ||^. 


The second term arising from the expansion (15711) is 

^ J dxdy Xzi[x,x + yefj])Zf,{x)9{d2ix,y))Ul^^^{x,y){y - x)adcrZ^{x) (576) 

filler 

This almost changes sign under reflection through x, i.e. under the change of variables (y — x) —> 
— {y — x) or 2 / —^ —y + 2x, in which case it would be zero. The problem is that in spite of all our work 
to get to this point n|_^^(a;, 2 /) is not quite invariant. We have 


nfe,^^(a;,y) = n^,^^(o,?/-a:) 

—^ -(y-a;)) =Ill^^^{-x,-y) = - ye^,y - ye^) 

the last by (15631) . Making the change of variables the expression (15761) is the same as 

- ^ / dxdy Xz{[x, X + ye^])Z^{x)9{d2{x, y))Ul^^{x - ye^, y - ye,){y - x),dM^) 


(577) 


(578) 


and hence it is also the average of the two which is 

i ^ / dxdy Xz{[x, X + ye,])Z^ix)9id2ix, y)) y) - U^^^ix - ye^, y - ye,)) {y - x),dM^) 

fii/a 

(579) 

In the second term make the replacement n| ^^{x — yye^, y — ye,) = n| ^,{x, y + ye^^ — ye,), followed 
by the change of variables y ^ y — ye^ + ye, which yields 

^E /dxdy Xz{[x,x + ye^])Z^{x)9{d2{x,y))nl^^,^{x,y){jj - x)adc,Z,[x) 

lll/<7 

-IY. [ d^dy Xz{[x, X + ye^\)Z^{x)9(d2{x, y-ye^ + ye,))ui^,{x, y){y -x-ye^ + ye,),d.Z,{x) 

(580) 


In the second term replace 9\^d2{x,y — ye^ + ye,)j by 9\^2{x,y)j ■ The difference is only non-zero 

S fl) 

if x,y are well separated. There is no ultraviolet divergence, only contributes, and this term is 
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bounded by Ce^|lZ||oo||i9Z||oo. Since {y - x)a — {y - x - + r]e^)a = r] 6 fj,a - yS^a we are left with 

/ dx dy Xzi[x,x + yefj])Zfj,{x)e(^d 2 {x,y)^Ul^^^{x,y)y(^dfj,Z^{x) - d^Z^{x)^ (5gl) 

Now write 

{d^Zy{x) - d„Z^(x)'j = - x)a{d^Za{x) - daZ^{x))^ (582) 

As before we integrate by parts to transfer the ^-derivative to the other factors. On the 11^ i^i,{x,y) 
we again get zero by the Ward identity. On the factor 6 (^d 2 {x,y'^ it again forces x,y to be sepa- 

S (1) 

rate and so destroys the UV divergence, only contributes and this term can be estimated by 

CelyWZUWdZU. 

The hnal term arising from the expansion (15711) is 

^ / dxdy Xz{[x,x + ye^])Z^{x)e{d 2 {x,y))Iil^^^{x,y)/\y{y,x) (583) 

We have the representation 

^v{y,x) = ^ [ {dcrZ^{z) - daZ^{x))dza (584) 

^ -'r 

where T is any one of the standard paths from x to y. For d{y, a;) < 1 we use 

\dcrZ^{z) -daZ^{x)\ < d{z,x)°‘\\SadZ\\^ (585) 

which yields 

\^iz{y,x)\ < 0{l)d{y,xy'''°‘\\SadZ\\oo (586) 

If d{y,x) > 1 we have \A^{y,x)\ < 0{l)d{y,x)°‘\\dZ\\oc- In either case there is no UV divergence, only 
contributes since Aj,(a;,a;) = 0, and the term is bounded by Ce^||Z||oo(||^a9Z||oo + ||92^||oo)- 
This completes the analysis of < >. 

We have 11^ = n| -I-11^® -I- (n| — H^) -I- n|. Combining the polymer decompositions and estimates 
on each of these completes the proof of lemma [331 

Proof, (lemma (231) . From lemma [32] and lemma [33] we have 

(A, A, Z) = El (A, A,Z)=El{X,A,Z) + E^ (A, A, Z) (587) 

and this is bounded by on the domain A € ^TZk,Z € We want to show this is 

bounded by 0{\)e]r ^'^on the smaller domain A G ^TT-fc and |Z|, |9Z|, ||(5 q,i9Z||oo < To 

get the better bound we use a Cauchy inequality. Since E^ ^A, A, Z^ vanishes at Z = 0 we have 

= ir. 

If we take r = then |tZ| < with the same bound for the derivatives and so tZ G 

Then we can use the above bound to obtain 

|F;^(a,A,Z)| < = Ci(l)e^-®'^e-''‘^"(-^) (589) 

This completes the proof of lemma [33] and theorem |TJ 
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8 The flow 

We seek well-behaved solutions of the RG equations 


. Thus we study 


£k+i —L^£k + ^lEk + Ek) 

Mfc-t-l E “b '^2'^/c “b f^k(.^k: E]^') 

Ek+1 =E^Ek + E'^{pk, Ek) 


(590) 


Our goal is to show that for any N we can choose the initial point so that the solution exists for 
k = 0,1,... ,N and finishes at values {eN,fkN) = independent of N. (Note that at k = N 

we are on the lattice Tg with the dressed fields back on the original lattice This procedure is 

nonperturbative renormalization - the initial values for (eo,/ro) = {eq ,iIq) will depend N and in fact 
be divergent in N. The problem is now formally exactly the same as the pure scalar problem in |24| . 
The functions are different, they now contain all radiative corrections, but the analysis is 

essentially the same as we explain. 

Arbitrarily fixing the final values at zero, and starting with Eq = 0 as dictated by the model, we 
look for solutions ek,^kk,Ek for fc = 0,1, 2,..., iV satisfying 


ejy = 0 = 0 Eq = 0 

At this point we temporarily drop the equation for the energy density Ek and just study 

Mk-hl —E fik “b E2Ek “b fkki^^k'f Ek) 

Ek+1 =E3Ek + E^{iik, Ek) 


(591) 


(592) 


Let ^k = ilJ-kjEk) be an element of the real Banach space M. x Re ICk where Re K-k is the real 
subspace of K-k defined in section 15.41 Consider sequences 


^ = (Co, ■ • ■ ,CAf) 


(593) 


Pick a fixed /3 satisfying 0</3< E — and let B be the real Banach space of all such sequences 
with norm 

IICII = sup {Afc "■^|/rfe|,Afc^||Afc||fe,«} 

0<k<N 


(594) 


Let Bg be the subset of all sequences satisfying the boundary conditions. Thus 

Bo = {C G B : /Tat = 0, Aq = 0} 

This is a complete metric space with distance ||C — C^ll- Finally let 

Bi = Bon{CeB:||^||<l} 

Next define an operator by 

k-k ~E ikk+l ~ E2Ek — fik) 

E'k =CsEk-i + E*k_,) 


(595) 

(596) 

(597) 


Then is a solution of (I590p iff it is a fixed point for T on Bq. We look for such hxed points in Bi. 
Lemma 40. Let A be sufficiently small. Then for all N 

1. The transformation T maps the set Bi to itself. 

2. There is a unique fixed point Tf = f in this set. 
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Proof. (1.) We use the bounds of theorem [T] for £ 2,-^3 (replacing 0{1)L ' by 1 ) and for To 

show the the map sends Bi to itself we estimate for L sufficiently large and Xk sufficiently small 


a: 


KI<A," 

<L^ 

.1 


- -2 


Mfc+il + A^^"*" \\Ek\\k,K + 0 { 1 )XI 


k+i lMfe+i| 


— 2 (ii^ii 


A 

+ 1 ) <1 


+ L-^Xl 


\-k^\\Ek\W. +0(1)A, 




(598) 


We also have 


K^WE'kWk,. <X-/(\\Ek-i\\k-i,. + 0{l)\i\^^^) 


<L~ 

1 

<- 

“2 




^k-i 

+ 1 ) < 1 

Z, ~ 

Hence ||T(OII < 1 as required. 

(2.) It suffices to show that the mapping is a contraction. We show that under our assumptions 

l|r(ei)-T(6)ll<^llii-6ll 


(599) 


(600) 


First consider the p, terms. We have as above 


k iMi.fc - M 2 ,fel < ^ ^ K+i iMi.fc+i - M 2 ,fe+l| 


+L-^X 


2\2e 


Afe^ll^i.fc ~ £' 2 ,fc||fe,K 




Mfc(Ml,fej^l,fe) - Mfc(M 2 ,fe, £ 2 ,*:) 


(601) 


The first two terms are bounded by a small constant times ||^i — ■C 2 II ■ For the last term we use the fact 
that Ek) is actually an analytic function of ^k,Ek on its domain \^k\ < A| and ||£fe||fc,K < 1 - 


We write 


^l.fc) - ^Ek{^i2,k, E2,k) 

^k{l^‘2,k^Eik)^ T ^^k{^^‘2,k^Eik') (M2,fc ? ^2,^ )^ 


For the first term we write for r > 1 


^^ki^^^,k^El k) ^^ki^^'2,k^El k) — 2TTi J t(t E t{^l^k M 2 ,fe)j £l,/c)^ 


(602) 


(603) 


7 _Hg 1 I o 

We use the bound |/i*| < C>(1)A^^ on its domain of analyticity. We take r = 4A| \^J■l,k — fJ-2,k\~^- 

-+/3 

This keeps us in the domain of analyticity and is greater than one since |/ii,fc —/i 2 ,fc| < A| ||Ci —^ 2 || < 
-+/3 

2A| . Hence this term is bounded by 


o(i)(a,^ ^\^ k ^, k -^^ 2 , k \) K ^ “^<o(i)a/= ^ 

For the second term in (16021) we write for r > 1 


{jJ*f.{^l2,k,Ei^k) - Mfe(M2.fe, £2.fe)) 


1 

27r* 


dt 


|t| 


=r 1) 


fJ-k {j^2,ki £ 2 ,fe + t{Ei^k — E2,k)^ 


(604) 


(605) 
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Now we take r = 4A^||£'i_fc — £' 2 ,fc||fc This keeps us in the domain of analyticity and is greater than 
one since ||-Ei,fe — i? 2 ,fe|U,K < ~ C 2 II < 2Af. Hence this term is bounded by 


Now for the last term in (I601|) we have 


(606) 


L-^x: 


- fkUP2,k, E2,k) 


< Oil)Xl 

< o 

Altogether then 


A-/3-lle 


nMi.fc-M2.fel +0{1)XI 


-P-0-lle 


Afc — E2,k\\k,K 


(607) 


<o(i)Af ^ “^lin-611 


K^~^Kk-^k'2,k\<h\^-^\\ 


(608) 

(609) 


Now consider the E terms. We have 

E'lk — ^2,k =-^3(A'i,fc_i — i?2,fe-l) 

+El ,.-l{fJ-l.k-l, Ei^k-l) - A2_fe_i(M2.fc-l, A2,fc_l) 

Then 

A^ni^^lfc - ^^2.fcllfc.« < T-^A^fi(||Ai,fe_i - A2.fc_i|U_i,. + \\Elk_, - Elk_,\\k-i,.) (610) 

The first term is bounded by — ^ 2 ||- For the second term we write 

El_i{fj,i^k-i: Ei^k-i) — £’^_i(M2.fe-i, A2,fc_i) 

= ^A^_i(Mi.fe-i) Fli^fc-i) — A^_;^(M2.fe-i, Ai_/c_i)^ + (^El_j^{fi2,k-i, Ei^k-i) — A^_i(M2,fe-i) A2,fe_i)^ 

(611) 

For the first term we write for r > 1 


A^_i(Mi.fe-i) Fli^fc-i) — A^_ 2 (M 2 ,fe-i, Ai_fe_i) 


dt 


1 


27rf tit - 1 ) 


El_i ^M2.fe-i + t(Mi,fe-i — M2.fc-i)5 Ei^k-i)^ 


(612) 


We use the bound || A^_il|fe-i,K < on its domain, and take r = dA^^f l^^i.fe-i “ M 2 ,fe-i| ^• 

Hence this term is bounded by 

0(l)(A-_V''lMi.fc-i -M2.fc-i|)Af< 0(l)A;*-''““Vi.fc-i -M2.fc-i| (613) 

For the second term we write for r > 1 

(^7?fe_i(M2.fc-i, Ai_fe_i) - Ek_iifJ-2,k, E2,k-i)^ 

I f dt / \ (614) 

= ^ Xl- (M 2 .fc, A2.,_1 + t{E,,k - E2,k-l)) 

Again we use \\El_-^\\k-i,K < ^ = ^^k-i\\Ei,k-i - E2,k-i\\k\,K- Hence this term is 

bounded by 

0(l)(Afcfil|Ai.fc_i - A2,fc_i|U_i,«)A|17“^ < 0(l)A|17^““nF^i.fc-i -F^2.fc-i||fc-i.« (615) 


h+P\ 
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Combining these bounds gives 








~ £'2,fe-l||fc-l,K (616) 


<o(i)A-/ “'iiii-y 

Altogether then for L sufficiently large and A sufficiently small 


\-/\\E'-E'2Ak,.<\Ui-i2\\ 


(617) 


Finally combining (16081) and (16171 1 yields the result — C 2 II ^ ill^i ~ C 2 II 


Now we can state: 

Theorem 2. Let A he sufficiently small. Then for eaeh N there is a unique sequenee £k,TkiEk for 
A: = 0,1; 2,..., A^ satisfying of the dynamical equation 15,9(111 . the boundary conditions S591\) . and 

W\ < \\Ek\\k,. < Af (618) 

Furthermore 

\ek\<0{l)Xl (619) 


Proof. This solution is the fixed point from the previous lemma and the bounds (16181) are a conse¬ 
quence. The bound on the energy density follows from the others, see [M] . 

Remarks. Much remains to be done on this model. The large field region region needs to be analyzed 
along the lines of [IS], |5S]. Then one could prove an ultraviolet stability bound (proved in |3] for a 
massive gauge field). Next one would want prove bounds on the correlation functions uniform in the 
lattice spacing, and then show they have a limit as the lattice spacing goes to zero. 

There is also the question of the infinite volume limit. In this connection we remark that although 
our final mass parameter /ijv was tuned to zero we could equally well have tuned it to any sufficiently 
small value. If this analysis could be extended to allow = — I we would have the abelian Higgs 
model. Then one could proceed along the lines suggested in m. eg demonstrating mass generation 
for the gauge field, exponentially decaying correlations, and a robust infinite volume limit. 

A random walk expansion for C~^ 

The unit lattice operator C defined in section H3] has the form CZ = {Z, SZ) and so 

\\CZf = + \\SZ\\^ (620) 

and hence 

C^C = I + S^S (621) 

which implies 

C-^ = {I + S^S)-^C^ (622) 

We will show that {I + S"'"S)~^ has a random walk expansion. Since is local this gives an expansion 
for C-b 
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Lemma 41. (/ + S'^S) ^ has a random walk expansion based on bloeks of size M, eonvergent for M 
suffieiently large. For y, y' in the L-lattiee 




(623) 


Proof. We follow the proof of lemma [T] Let A = I -\- S'^S and let be the restriction to the 
3M-cubes Qz centered on z in the M-lattice. The quadratic form A^ is bounded above and below 
and has an exponentially decaying kernel (actually a finite range kernel). By a lemma of Balaban [4] 
the same is true of C/g = A'A_ Since A is naturally localized in terms of the L-cubes B{y) we state 
it as 

^ (624) 

To create the expansion take the partition of unity 1 = before (but now defined on bonds) 

and define 

g* = J2h,g^^h, (625) 


Then 


Ag* = Y, hzAg^K + ^[41, h,]g^^ 


But on the support of hz we have Ag^j = A^g^ = 1 and so 

Ag* =1 + ^[kl, hz]gahz = i-YKz = i-k 


(626) 


(627) 


Hence 

{I + S'^S)-^ = g*{I - K)-^ (628) 

Expanding (/ — K)~^ yields the random walk expansion. 

For convergence we must show [A,hz] = [S'^S,hz] = 0{M~^) and since [S'^S,hz] = [S'^,hz]S + 
S'^[S,hz] it suffices to show [S', hz] = This follows since S is a strictly local operator. For 

the details we need an explicit representation of S. We write for / on the unit lattice and y' = y + Le^ 


iQf)iy,y')= E E f{b) = Yf(b)L~W(b) 

x^B{y) b^T{x ,x-\-Le^) b 


(629) 


Here n^(6) is the number of elements in the set {x G B{y) : r(a;,a; + Le^) 3 6}. For example if 
b G B{y, y') then n^(6) = L and if b is not in the direction then n^(6) = 0. In general 0 < n^(6) < L. 
Breaking the sum up by the different categories of bonds we have 


{Qf)iy, y') =L-^f{b{y, 2/0) + L-^ E fib)Mb) 

b€B{y,y'),b^b{y,y'} 

.Buib) , tli.\Bfi{b) 


' E 

b&Biy) 


L4 


E m- 

b(^B{y') 


(630) 


L4 


Thus the equation Qf = 0 is solved by f{b{y,y')) = {Sf){b{y,y')) where 


{Sf)(b{y,y')^ 


E 

b&B{y,y'),b^b{y,y'} 


m- T. m^- E 


beB(y) b&B{y’) 

Let’s look at the contribution of the second term here to ^[S, hz]f'^ (b{y, y'). It is 

E {b.z{b{y,y'))-hz{b)^^^^^^f{b) 

beB{y) 


(631) 


(632) 
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But 


hz{b{y,y')) - hz{b) <L\\dhz\\oo<CM 


-1 


(633) 


so the term is bounded by CM ^||/||oo- The other terms have the same bound and this gives the 
convergence of the expansion. The decay factor is extracted using the local estimate (16241) as before. 


B a covariant derivative 

We show that the forward/backward covariant derivative Vjif = ^{djif — dj^f) transforms like a 
vector field under lattice symmetries. For notational convenience we work on a unit lattice and absorb 
the coupling constant into the gauge potential. 

Lemma 42. Let r be a unit lattice symmetry fixing the origin with matrix elements and let 
fr{x) = f{r~^x) and Ar{x,x') = A{r~^x,r~^x'). Then 




(634) 


Proof. Start with 

(V^/)^(x) = i + e^) - V(^ - e^)) 

Given y suppose r~^eiz = Cp for some p. Then r^i, = = Spi, for all v and 

={^Af)p{r-^x) 

The other possibility is that r~^ep = —Cp . Then r^i, = —dpi, 

{yAjr)^{x) - ep) - f{r-^x + , 

= - (Vyi/)p(r-ix) 

= ^rp„{WAf)^{r-^x) 


(635) 


(636) 


(637) 


C an estimate on Qk(A)Aj[ 


First prove a special case of the divergence theorem on the lattice Tr^_^ with spacing r] = L Let 


'''^ith spacing rj = L 

Ay be the unit cube centered on the unit lattice point y. For a vector field fp let n ■ f he the 
inward surface integral 

Lemma 43. 

/ d^-f=[ n-f (638) 


dAy 


Proof. Take ?/ = 0 for simplicity. We compute 


Lt •^'^0 u. 


U \x\< 


■Y. Y ^([//x(a^)].^ = i-i„- [/M(a^)]x,=-i-lr,) 

U \xy\<^,v^p 


(639) 
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The last expression is identified as n ■ f. 

Lemma 44. Let \Im A\, \dA\ < 

1. For a vector field on 

\\QkiA)id^-f)\\^<C\\f\\oo (640) 

2. For a scalar (j) on 

\\Qk{A)Aj,fi\\^ < CWdjifiW^ (641) 


Proof. The second follows from the first with = dA,fi4>- For the first let U{A,y,x) = 
with {TkA){y,x) defined in (1^ . Then we have for y G 


iQk{A)dl ■f){y)=J2 [ dx U{A, y, x) - ye,) - f,{x)) r?"' 

= X! / dx (u{A,y,x)e~'^‘'’‘^-^'^'^'^~'^^'^'> -U{A,y,x-ye,)'jf,{x-ye,)y~^ 

fj, d^y 

+ X! / (uiA,y,x-ye,)f,{x-ye,)-U{A,y,x)f,ix)'^y~^ 

, d Ay 

(642) 


For the second term here we use the divergence theorem of lemma 03] to write it as 

V [ dx {d/dx,)'^ (u{A,y,x)f,{x))dx = f dx U{A,y,x) {n,f,){x) (643) 

, dAy ^ ^ M dOAy 

Bounding U{A,y,x) using ( 1371 ) . this term is bounded by by O(l)||/||oo- For the first term in (16421) it 
suffices to show 



dx T] 


{TkA){y,x) -A{x 


ye„x) - {TkA){y,x 


ye,) < Cy\\dA\\c 


(644) 


Then the term is bounded by CefeUfMllooH/Hoo < <711/1100 as required. 

To prove (|644l) recall that {TkA){y,x) = '^^Zoi'^dl){yj+i,yj) is defined by the unique sequence 
X = yo,yi,.. .yk = y with yj G and x G Bjljjj). Also {TkA){y, x — ye,) is defined by a similar 

sequence x — ye, = yZuZuZ ■ ■ - Vk ~ V- Suppose x,x — ye, are in the same Ly cube B{yi) = B{y[). 
Then y^ = y'- for i = 1, 2,..., k. Hence 


y{TkA){y, x) - yA{x - ye,, x) - y{TkA){y, x - ye,) 

=y{TA){yi,x) - yA{x - ye„x) - y{TA){yi,x- ye,) 

= ^^^vM^^iyux)) -yA{x-ye„x) - ^^^yA(T^ {yi,x - ye,)) (645) 

TT TT 

= + [x,x-ye,]-T^{yi,x-ye,)^ 

TT 

But for each tt the indicated path is a closed and hence is the boundary of a surface TA. By the lattice 
Stokes theorem with unweighted sums we have 

yA{T^{yi,x)) + [x,x - ye,]-T^{yi,x - ye,)'^ =y^dA[TA) (646) 
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The surface is made up of ry-plaquettes in an L? 7 -cube. Hence the number of plaquettes in is 
bounded by a constant and so \r]‘^dA{'E'^)\ < Cry^HdAHoo- Thus the integrand in (16441) for points with 
x,x — rjCfj, in the same Lrj cube is bounded by C?7^||(iyi||oo which is better than we need. 

This would take care of most points in (16441) . but not all, and not the most important. More 
generally let Xj C Ay be the set of points x with the property that x,x — are in the same 
cube but not in any smaller cube. Equivalently x,x — rye^ crosses a, Urj face but no larger face. Then 
UjZqXj = Ay and in (16441 1 we write 


k—1 

f dx[...]= ^ ry3[...] = X: E 

xeAy j=0 xeXj 


(647) 


Note that the number of points in Xj is bounded by the number of points x such that x,x — Tye^ 
crosses a Ur] face and so 

\Xj\<L^^L'^-^ = L^'^-^ (648) 


Suppose X € Xj. Then yi = yl for i = _y + 1,..., fc and so 

r]{TkA){y,x) - r]A{x - rye^,x) - r]{TkA){y,x- rje^) 
j j 

= '^r]TA{yi+i,yi)) - r]A{x - r]ey,x) - ^ryyi(y'+i, j/') 

z—0 i—0 

3 3 

TT i=0 z=0 

-r’'(j/'+i,y') + b'+i,!/']) 

TT Z=0 


(649) 


The last step follows since the added lines cancel out, except for * = 0 when [yyo,?/o] = {x,x — Tye^] 
and i = j when yy^+i] = 0. For each 7r,i the indicated path is closed and so the boundary of a 

surface E)^. Hence the last expression is the same as 


?y2fM(En (650) 

TT Z =0 

For each i the path is made up of L®7y-segments in an L^+^ry-cube, so the number of L*7y-squares 
is bounded by a constant C and so the number of ry-plaquettes is bounded by CL?'". Therefore 
\rf‘dA{YZl)\ < Crj^L'^'' < CL~'^^^'"r]. Hence the expression is bounded by 

3 3 

|?y2d.A(Eni < E CL-'^+^^r]\\dA\\oo < CL-’^+^^T]\\dA\\o. (651) 

TT i—0 i—0 

Therefore, referring to (I647p . (I648p . the integral (|644p is estimated by 

k-l k-l 

CE E r]^L-'^^^^r]\\clA\\^ < C^ L-'=+^'7y||dyi||oo < Cry||d^|loo (652) 

j=oxeXj j=o 


which is the result we want. 
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D integrals 

In or we consider integrals of the form 


J f{x)dx = ^rff{x) ri = L’^ 


Recall that (i'(x, y) = d{x, y) = sup^ |a;^ “2/^1 ioi x ^ y and d'{x, x) = = y 

Lemma 45. For a < 3 

f d\x,y)~°'dx < 0(1) 

J d'{x,y)<l 

Proof. It suffices to consider y = 0. Isolate the a; = 0 term. Then with r G L~^'L 


/d'(a:,0)<l 


(i'(a;,0)-“da;< r;3-“+ ^ r/3|x|-“ 

< 1 + ^ yr-°‘ ^ 77 ^ 

0<r<-| x-.\x\=r 

< 1 + 0 ( 1 ) ^ ^( 1 ) 

0<r<i 


Lemma 46. 


' d' {x,z)<l,d'{y,z)<l 


d'{x,z) °‘d'{y,z) ^dz<0{l) a +/3 < 3 


f d' {x,z)<l^d' {y ^z)<l 


d'{x,z) ^d'{y,z) “^dz <0{l)d'{x,y) 


' d'(a:,2)<l,d'(y,2)<l 


d'{x,z) d'{y,z) ^dy <0{l)d'{x,y) 


-l-e 


(653) 


(654) 


(655) 


(656) 


Proof. For the first inequality consider separately the regions d'{x, z) < d'{y, z) and d'{y, z) < d'{x, y) 
and use the previous result. For the second inequality we need 


f d' {x ^z)<l,d' {y ,z)Kl 


d'{x,z) ^d'{y,z) "^d^XjyYdz < 0(1) 


(657) 


We take d'{x, y) < d'{x, z) + d'{z, y). In the region d'{x, z) < d'{y, z) we have d'{x, y) < 2d'{y, z) and 
so the integral is dominated by 


0(1) / d'{x,z) ^d'{y,z) ‘^'^^dz 

J d'{x,z)<l,d'{y,z)<l 


(658) 


which is 0(1) by the previous result. Simlilarly for the region d'{y,z) < d'{x,z). For the third 
inequality we need 


(659) 


/ d'{x,z) ‘^d'{y,z) ‘^d'{x,yY^'^dz < 0{1) 

J d' {x,z)<l^d' {y,z)<l 

In the region d'(x, z) < d'{y, z) we again have d'{x, y) < 2d'{y, z) and so the integral is dominated by 

0(1) f d\x,z)~‘^d'{y,z)~^'^^dz (660) 

J d' {x,z)<l^d' (y,z)<l 

which is 0(1) by the first inequality. Simlilarly for the region d'{y, z) < d'{x, z) 
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E Green’s functions on a lattice 

We study the standard Greens function = (—A+/)“^ defined on or We are interested 

in both short and long distance behavior. 

Lemma 47. There is a constant 7 = 0{1) such that 

\Gl{x,y)\<0{l)d'{x,y)-^e-'^‘^^^’y^ 

\d^Gl{x,y)\ <0(l)d'{x,y)-^e-^‘^^^’y^ (661) 

\{d^Gld^){x,y)\<Oil)d\x,y)-^e-^‘^^^'y^ 


Proof. It suffices to consider the infinite lattice = L since toroidal case can be obtained by 
periodizing. Also x ^ y so d'{x, y) = d{x, y) = sup^ \x^ ~ yu\ suffices to consider the sector where 
d'{x,y) = |a;o - yo|- 

On the infinite lattice we have the representation 

1 r pip-G-v) 

Gi{x,y) = -pr^\ . , . . ^ 

where 

A(p) = ^277-2(1 - cosypp,) = (2^^) 

fjj ji 2 '' 

For p = {po,Pi,P 2 ) let p = (0,pi,p2)- The denominator in (16621) vanishes when 

1 + A(p) = 1 + 277“^(1 - cosrjpo) + A(p) = 0 


(662) 

(663) 

(664) 


or 

cos{ypo) = l + -y'^(l + A(p)) 
So we find poles at po = ±ia;(p) where 


cosh( 77 a;(p)) = l + + A(p)) 


(665) 


( 666 ) 


Note that if 7 is small A(p) si |pp and comparing power series gives a;(p) ~ (1 + A(p))5 ft! (l + |pp)5 
as expected. 

Now deform the po contour to a rectangle with large imaginary part. The sides of the rectangle 
cancel by periodicity, and the far piece goes to zero. We only pick up the pole at po = ±ia;(p) 
depending on the sign of Xg — yo- Compute the residue at the pole using 


dpo - 


2y ^(1-cosypo) 


- po=±ii^(p) 


= [277 isin77Po]2,o=±ic.;(p) = ±2?? ^sinh77w(p) 


and find 


Gfe(a!,7/) = 


(27r)2 


,-u:{p)\xo-yo\ _ 


ip-(x-y) 


'\Pk\<V 


2t] isinh77w(p) 


dp 


To estimate this start with 


1 

- < 
2 - 


sma; 


< 1 


1 1 

N< 2 


It follows that ||pr < A(p) < IpP and so 


1 + (1 + I|Pp) < cosh(77a;(p)) + |pp) 


(667) 


( 668 ) 

(669) 


(670) 
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But sinh^ x = cosh^ x — 1 > cosh x — 1 so 


< sinh^(? 7 w(p)) hence + jpp < sinh( 77 a;(p)) (671) 


Next we claim that there is a constant c = 0(1) such that 

c^l + IpP < a;(p) < Vl + IpP 


(672) 


For the upper bound note that (16701) implies that cosh(? 7 a;(p)) < cosh(ry-\/l + |pp) and hence w(p) < 
a/I + |pp. For the lower bound we first note that the upper bound implies 


77w(p) < \/l + ry^lpp) < \/l + 271^ < 5 
For 0 < X < 5 we have sinhx < cosht dt < x cosh 5. Hence by (16711) 


-ryi/l + IpP < sinh77u;(p) < 77a;(p) cosh5 

which gives the lower bound with c = (2 cosh 5)“^ 

Using (16711) and (I672|) we have for x ^ y and |xo — yo\ = d{x, y) ^ 0 


|G^(x,?/)| < C>(l)y e-Vi+lpPI“o-yol_ 


dp 


+ |Pl 


Now with 7 = ic we can extract a factor exp(— 7 |xo — j/ol) and obtain 

-l\xo-yo\ f „-hcy/l + \p\^\xo-yo\ dp 


\GUx,y)\<Oil)e 

Change variables to q = |xo — 2 /o|p and find that the integral here is 

dq 




dq 


|a;o-dor^/ _ 

J V\^o - doP + |qp 

< O{l)\xo - yo\-^ J dq = O(l)|xo - yol”' 


Thus we get 


\Gl{x,y)\<0{l)\xo-yo\-^e-^\^°-y°\ 
li X = y the estimate comes down to 

dp 


|G|(0,0)|<0(1) 


|pfc|<r)-i7r Vl + IpI' 


Enlarge the integration region to |p| < 277 and go to polar coordinates to get 


|G^(0,0)|<G(1) 


f>2r] ^TT 


rdr 


VTTr^ 


For derivatives we note that for xq > yo 




= 0 ( 1 ) 77-1 = 0(1)L'= = 0(l)d'(O,O) 


oip-(x-y) 


-1 


(673) 


(674) 


(675) 


(676) 


(677) 


(678) 


(679) 


(680) 


/ a;(p)(xo-yo)e-"(P»^°-^°) . , , dp (681) 

iPfcKp-iTT 277 ^smh 77 a;(p) 
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Now use |a;(p)(a;o — yo)e I'd)! < 0{1) and proceed as before to estimate the quantity by 

C>(l)|a::o — The same works for yo > xo so we have 


j^GUx, y) < O(l)|xo - 

OXo 


(682) 


For the other derivatives we have for fc = 1, 2 






,ip-(x-y) 


and this again yields the bound (16821) . Higher derivatives are similar. 
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